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D.<Uc!t6d io |try housD46s - Davtd, I6ss6, NsvtrL lrd
'Wh!3&6y - dro haE put uD wltb ry rcrt h.btt5 .nd €n@!r.d he

thsugh EI th€ C|As€s od tht! pror*i .
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IOKNOWIIDGEME!|IS

t ore v€ry s!.c!rl tllsla to rtt !(|vi3o(, P!o[..!d Marv Eu.n

tudtn, stro66 o!d!n€ has slad€ th$ Da!€.!o$ru6. It €alt dtn

slrtc.ll gh€ attlct3 t<,Doktslcd ElDr.tns h.3 b€4 aD h.Clltlorr to n€

6E sltr Dy Ard !,64r h s6dulto tchool. 1161 4t ndvo toDotoslcal

*Dqt€r|cs ha! b@n !D lDDof!!trt 6ol)Is€ ot dEctldt for n€, wltlrc$

$tdch thts th€61s could not baeo b€.n wdtt€D. l|ot! t}|l|r 3hs kDw3,

h.r soDtlo o6ur.9€n.nt ha3 oft6n b66n Just wh.i t n6€aLd .

Ov6. th. t6!rs, Illny wmd€dur p.opl€ ud suEpo.t 36rvle!

haE &!d€ tt F!!rb!€ tor nc to.vd thlDk .bod studylnt lqtb€lEtlcb

lr ttlduat !€hool. I$t a !.w aF Ey p6t nt6, try unddlEodurta

ldvlsq M63sor t !te! Uuntr€., r,ho tntrduc€d ro to tololosy a!

i,L t.l., 6rd R€codrno lor tb Blln4

I g@id .l3o ul€ to tl6nt Dl.n6 R.ppctt td hs dceUdt tc,b



A toFrogrcal 8Fc. 16 6ald to b6 Datl-Llrd€Dl { ev6ry or€n

co!€r ol !t tas ! loctuy coutt.b!€ oD.n EAn.E6nt. Iho subr€ct cf

ro('lly ftDtt€ oou6ctld|8 ol op.n !.tB .nd Da6codrDlc! !i'rc6.llA8 b€o

t ldy w.tl &v€lop6d for !om. ttn€. Bo*ev€!, il|6 undoEtn dlns of

the|I {€!k€. corntorD.rb! l@.Uy count bl| @U6ctidr3 qf op€n 8et! lDd

p.rE-Und6luf $a€3, t. robttv.ly st tchy. lh€ d€vslopDont. ln tht!

ar.. upon whlch tbra l.p€r blltals, dG Batdy to Pt6l3!G ard lt€€d ad

allo 6:C€nd€d by 8ul@, a6 lath.r rsc6n!. l!6 llab quosridt a.5mEd

lh thr! E !€r, .8k€d by f€<tqcuk llol , t.r! [l4l , F!.r!.ns lrl ,

n€€d [2] ,  Bu*6[5] ,  .ndNy&o5t61,  ! ! :  Mut ovoty Ea6-I lnd€l&

r3-Bpdc. D. D&acon!6cl? Ih6 !Ds6r t! no {not ov€n conpl6t6ly

r€$L. q D.t!@hDad), a! {€ rlu <ldonstta!6 snh ! Eddl .G

Plra-l,lid€l6f sp.c63 Bust be !!!!n6d !o be 13 to Drovtdo .lr

hteresttrg lh€(ry, fd th.r€ rs . 8p!c€ wtth a count bl€ b.!6 wbtc! ts

ll.@doftt bu! no! t€aular. O! th. .ah€r hatxl, paEconlactn .! rtcltly

€n LrG lz-5Fc6 wtth .U of t!€ beloe, sop.r6tlo DrcF€rt!€6, cd|nocr€d

l! lt-3p.€3 by the rn th€ tndtdtod rbdtcatlons.

Elu.d<,rff <- rosulat €-- s!89!u99r!I
?

collcdqlwtao bdbd

?
I

u
,1, t

I
ronololcllly nana!



A! sholtn by Ab!5ffi .rd P6.d [2], pa!a-Llnd€!& r3-sD.cos aI€

coUectlorwk. qaEaldtf, ln t ct Etionsly so, an<l .!€ th!€ of hleGlt

to thq. stqd!'rng the nordlrl Moole 3pa€ prcbt rd, loclud.d ffidr th.

€p.cs5 wo wrU consluct EE palq-Iltd€ltlf lt-Bpac€6 wl{c,h d! F!D6ra-

lv€ly rEgu.lar bu! not onpbt€ry r€gula!, conpl6t ly 6s!hr htt Dot nqnal,

!!d nqral but rc! cou.drd*l3€ naDaj- r/l.6 wtU .t!o consldor .oM

of ths otlid cor,€rlrt proDertt6s oDroyad bt p@oosFct l2-!p!c€!,

8!ch a3 @nt.bL !.r!corn!acbF$, Dot!@m!!ctr€3s, .aal lqEdbluty

h Ch.lter 2 tb@ & 6 bd.f FvI6w d soo€ bastc fact! c6c6m-

bg plE-Undalaf spac.E. qbaDt€r 3 dl3da8.s th€ t€d.tquos !s.d

b the .a&ch for a paE-tind6l0l, ncrDaacoDprci t3-.Frc6, du€ balnly

to Prd.rGr [11. rhe papois rElh 4aoples or 6uoh .Fc6s !E

ptee€nted l. chaDt E 4 ad 5. rn oh.pt€r 5, tb€ lniodrtto qltn€.l

Ao6 tho56 6llDpl€s 13 .nDUfbd, .nd dore Fbt6d lmtur.rcd rer€aEh

qu.6tld3 .ra .sk€d .



g.ctrd 2. L Conv€ntton6.

b.€pt wh.F oti€Mlo .p6cia.d, th6 lslt€63 l, ,, n, 6d n

wlll b€ !6!.i!/€d td som€grtlE !nt€96!.. th.6y!|bol c wlU dmot!

!rc1$16, not tr€@B!.rlly tmE€r r.ncluld. lorth. lDanlns nb€lons-

rng b, tr tho rymDol € .sd the woral 'ttn" v|lll b€ u8.d ltrtdclnrg!-

.bry. th€ syrDol I wll d€not6 i€d!rdr6. ordor€d pltrs wlu

b. ndat d wtth qdlr!ry p.Nth*$.

th€ slEbol ^ wtu b€ u.€d wtth tho n.anth

loUows. l€t g b€ a tun('ldr wlil| dolcln ln ddlnll I lnd wlth

r.rte a .et ot ordhals. lor an ddbal a, q^ a wUl d.not

dr6 rEw fllrlctton r' : s U {( r, c} } , that ts, st haa dorn ln

r+ |  s '  f .y  -  c? and gt (y)  =  c  .

the 3ynbor E o I mul. tn. €rd or 6.ch d€gdda!,

€|a!rPle, d Focf. !o83tbv uDAEtUa! to9otoElcat ptopdd6. .pF!r-

rno !n the t€nt wtll b. d€lsd b tl|e 9!o6..ry . 80!16 .d th€ !6sd

flrt!.r @. wUl b€ d6ntEd tn th€ t€,c 63 rell

lh€ $t t!6dy.s.u.ed jr tl!5 Drp€r !3 ZlC. R6.u!. cqurr-

bt lddlttdrd d<l@s df s6t ti€ay wlU b€ so lrdtclt€d . In pall!@lrr,

.oq!e af th6.ra6Dr4 r|3€ M {ol), rEtof (Ii!|A+ log)

{st|@ !A sbnd! la Malttnt3 ard@ ed oB !6rh. @trnuun

hyDothdr! ). A tooologlcal .qurlaldt of MA(or), Enlrl.c4r of

th. Balt! 4!a!ory tlFa.b, t3 t ln a 6Eact, c. c. c. E u!d6r6

rEaoe, tb€ lnts8@tlo d any coLt ctld ca ot-nlny iLD!€ op€n 8e!t

!3 n6oDptr. tilot tlEt a topolosdc.l spa€ r. 0F. th.l o.c.c"

(count ble cltatn codrEd) Fovtd€d th.r€ !6 no coll€ctld| d



uicoontabv !.ny nutrblty dtljoln! oF€tr .ub.6rs .f rh€ .D!e,



8€ctlo! Z. z. P@-!lnd.Ur AD.c€..

2.2.1: D.Add6!

{.1 A topoloslcd spae x k E-gg!g![ ,t 6very oFn coEr

ol X ba! a !@auy @stlbt oD.n tifln mr!. A tololoolcll !D!€ X

15 l:EEgblglt a€ry opo coFr oc x hM lo o!€D lltlFh.dr

stldr 13 d-localty coutlblo (!e., tl|6 udlor df oourt&ly !|!l|y

locaUy cotlntable colt@tldE).

lb) A cotredron , or !!b36ts od! toDobsrcat.Da6 X b

g&ElE rJ €v€rr lolit ot x h.. a nclqhbqhood whlcb n .t! (! .. ,

has mFDpty LDie.r€ctld rlth, a! nct 6. n€n!.r <d ! . A ooU€ctldr

or Dolnts d X kSEgElg tf th. .6sooLted cotl€cuoh oC shslst6! !t

lcl A f,-6Dac. X & @U€drdgl.€ H.urdord ('€sr€cuElv.

stoncly coll€cuowk€ Edr.dorff) rf for eEry dr!@t€ coU.ctlon

{xdld . A} oJ points of L, the t! ! nutrally dilrolnt {E!F<t-

rFry, tu.(t€t€) corledrot! (Udl4. A) ol o!€n s€t6 wttl!

ad € Vo fd 6ach d tn A. tr
Ih€ nlny .€D.6ttqr laoFrd€. ritclt plr!@bprctrEl8 IFDL.6

td ll!!.d6lt !p6e8 Drcvld€ . tood n€.8 f6 coDparbs p.r.corrplc!

.!d FE-t|ldgld T3-€t!c63.. A Bde conDl€to Eoatmnt of tlr.

Do.ltts€ 3€!.r!l!or| r€sult5 fc. D!r!. lrd€lof 13 -BD.c.! r! 9!v$ by

llelssB dd R€€d ln I zl . On€ ofrhdr rElortlDt Esults of tld. ktrd

tr that lh.€€ $!c.. .re etioigly coll€cttotrwlr6 gau.do!6. A plocf df

thr!, whrd hdlc.t€r the ttlvot of argungr|t! $hq local corrltlbltutr|



!F€ X. Pq any ,t rn

t *h  prov tdgd h l t .

Lt g and r b€sub€EdatoPoLglccl

q .&l k ln l(, !.Y h*k .nd

lgt g (x) b€ an oP€n |Elglba'ttood of

x for..dr x tn g uK . alppo€o th.t lot 6adl x ln g U K,

ih€rs rs no 6teneit i or r U r sud! tLt xr * x .trd

x'e 3E[. suppoae argotlt t for €Ech x In Il utr, thoE aF

ddy odntlbly Eany pornts x' !r Ii lJ K wlor xr 'l':r fd

,itch I0.) n 8(x)I t. Th.n 6aclt 8(x) cub€t ltn€d to 6n ops

n€d$bqhood R{x) or x ro t}.t th. @Uectrorl {R(a)lx. EUX}

.sttsA€. th. tollowlnc. Pd.ach R(xl, th€bls no 66t R(s')

such that  x*r '  d 'd R{x)  nRd) l  t .

E99! Iat - tr tll8.qurv!t€@ reLlla 6 lIUK

qmrated by tb€ nL x-r . '  U **s '  and gn)n8n) l r '

t€t I . (!I U &/- , tho 6€t of i-€q!1!.lcne cla!36s os I U (.

Nod@ th.t 6ach su.h .clrvabrEB cla.. t. @ultlbl€. En$n€rda thg

n nib.rs ol €a.I sudr c1... . a. x6,o, xe,\,*.,2,...

{!iit6ry !t!ny or o-r|.ny .s n€.d.d ) , ld €adr x€, n,
ae..ol. s {x.,,) -utdii l l i l ,  < n ard *6,t 'x€,r}'

.a3;ll@. I.t X b6 5 para-Und.lor l3-8pae.

E

(b) x !g

@lLcttowl.6 tlau.ddtf.

stmsk @u,6ctldMl3€ l|a8dorff .

L t  Xo. {xa ld .A}  b6.  dkcr . t  @tLct -

B, sEubrtty ol x, fd €ach c !n A l6t



ud b6 6n oE n n€lehbodrood of xa luch thlt q nxo = {xc} .

si!c. x l. p8!!-lr<l€ltE, l!€ oper oor,€r tua lc . Al U (x-\ )

h.€ . leaUy col,n!.bl€ o!6n r€ln.nont l,. !d €.dr d tn A

le! va b.a Btd|bdho.d of xa bold|qlng to v. &no€ th.

c-ou.cuql h=(volo€A) 1! I€luy costrhlo, td €ldr c rn

A r6t % !o !n c'p€D 3\ib3.t d Vo w|Ilcn ditG8.€s tn.rr at

xd ; thlt t6, xo . q .nd { rneete ory c@tauy nany

mrn!.r. or vo . tb.n th. colt ctlo or oDdr s6ts !; = tdo I o . A)

k sr.r-courbbt ; that t!, .ach B€t % dvold! att brd colnlbry

!.ny n€nbsr5 ot t; .

N@ w€ 6n.pFly la6fr 2.2.2 rdth E-Xor

8(x4) - v; fq.rch d !n A; Lt th€ 3€tr RtxJ c 8(xo)

3at&fy th€ l6&n t! coEttraldl, r€t W4 = Rlxa' fa..ch c

!n A. Dr6tr h 
- {wa I d . A} r! a collacddl €c oun.l.l&

.Urrolnt op€n 3€to *$lr xd . !9d lc €ach o ln A. lh.tEloE

X & colleuowl!€ Eau8dodf.

(b)' C6ntltN. ao! (.). bt d b€.n 016. cotlrdtrc!

toatides th.t bo 13 bcally countnbt. (fd sx|!!re, arv o!.n c(lv4

wltFsdlq the t@al countlb![ty o6 h). !,|ow rd Z b€ ! tocaly

centlbL @en r€6n |tHt .d rlr . Pa €ach d rn A !.r zi

b€ 6D o!€! 5.t wlts36lns th6 16!l cdnt bdlty ol z at xd, urlng

the Fsurldty or x, .s.u$6 wtthot toss or r.rEr.Uq thlt 4cwd.
!o lrgFal€ for an appllclttm dt L$mr 2.2.2, r.t E = )ql

ad x-x-Ubo. lor  € lch a in A br s(xa, :z; .

lrnaUy, lo. 6ach x ln X Lt I (xl b6 . h€nber o{ 2 wrih



x c 814 . strc€ th*6 B!tt8& th€ lrlaDotl|€6€6 d tlL LDn , r4 th.

sEls i(r.) fo! x !n II U K b€ as ttr lts c@lBt6. Now t6t

Go =R(xd)  t6 .ac! t  a  rn A . rd S:(qdla.Al  .  u

x.I(, ths R(x) n€€t5 no n6rbd of qo. otlqwr.e, for

oE c ln a, x u63h wd, whtch D6t. ro.t dr€ m€ntE.

ot qo - nlEev Go. thu8 g0 !6 dsd€t€, and X r.

th€lB6oE strorsty cou6ctr6e!3€ tFusdqE. E
A mhb€r o!.€dlt3 .rbout prt6@rn!.ctr€s. suss€.t .lnrta!

c64ld€fltlqr of Dan-Ilrd€I@D8s, lor 4.Dpr., by s bnruar

th.@n of E, Mtchaet, d.ry d-lallcoopact I3-sD.c6 !s actually

DatadE6ct. lh€ coDp..abb 3rtlatlon r€g.!d!!d paE-tJrd6r6f 506c.3

k s66rha! d!ll@!t-

5: !E@n (fbl..na lnd R..d [2]  ) .  I ta r3-. ! .c€

{.) A cloe€d !ubsr.c6 d a pcta-r.ind€ltr spac€ ts E!l!-Il t€ttf.

Itlhe sFce ts 13 cnd @lntably D.!!conFct, w can !.tr.c6 clos.d

by Pd {u.!ng tlF JBI-IE taFd E utt ol Pl6!5s!€r.d R..d ).

2. Z. !k EFpoI€. lh6 Moot! rpa€ @.tnrct€d by WrUtln tbrlsEr

h FI rs o-Dar6-ttnd6rf,t but nor D!E-r&d€r6f. D

!5 coullb& !.rlconpad ald d-FE-tird€&f, th.n rt !5 !ata-th&l!d.

U
8o!|l stlr*lad the@E! lbqrt Dr6$Eatton of p!|acoo9!crr.6s

tlandat6 to lbtbr the6€b! .b@r pr€.dad6 oI plla-Lrrd€tAtrFss .

{D) th€ prcduct of . para-tird€Idc E!!c€ wtth a @!.ct slae



Llt *!.€, ,odr€ 3tlndlrd €r6nEI8 Bhowlng nonEtssNaud| of

ta'lconpacbF$ dro Eveal oollDcs€rv.tloi of . FE-tln Ltltir.€r.

2.2- ft b<drD!6s.

(a) An op.n sub8Dac. of . couplct lllu3ddtr s!.6 no6d not b€

Da.a-!!d6l6l. AD €xanpl€ dthk !3 or a5 a rubsp.o€ oft!€ ddlrEr

8Da€ \ + I . In fact, ot ts not €v€n b€ta-Il-nd€IlE.

O) tlE pr.duct d . U!d6l6f .Da€ wltlr a llrd€I& nstrlc 3Fc.

n €d not b. Eda-Iltd.l6f. AD6n npL d tnl3 $ Mtcba€]s Product

IoForosy nL D, ro5l. tr

ADoihd EroDerty uetns l@al coDtlbtuty, $at o{ havtDs E c-

rocalr 6lntabL b.6€, l. clo!€ly Ut*6d ${th n tdrlbUlty. v.

t€d@t* nol !.o!€d that 6Ery !6t ooeDlct lr-!!ae havtng a o-

Ioc.Uy cou$lDl€ b.r€ & aotlally mtrlz.bl€. !k€ the proF€rt of

b€dDs p.rA-Iltxletof, t,it8 proD6rq l3 rol ur<loEtooil .r Ell a! ltt

local Adtdr6s! countorD.tt (!o., hcvkrg c o-toc.!y ttdt€ bl3€,

whlcb fo. I3-spa63 13 tqdvalent to b.lns lEtdrablo ). Pll|glly,

D6lth.r of tho.o two l*al coutabUrty pror.il6! toDlte! th. t fid.

-?,?,!r---Esqdeg.
(!) lb€ Mo@ 30.c. cMiucr.d by Fr.l!!d rn lll h.sa

c-Iocdly coutlbte bls but t3 not pat6-llndel&.

O) By f6ddctrl.! tlrooFr, .w Fllcd!.ct but ndll.titznbl.

l,-3F!o6 le rlra-ud€$e but do6s not lav€ a o-rocdly cordlbr6 D.€6,



l0

l! 66nDL l! t!6 Sagdrby ltE. tr

Eorir!,rr, !|t ?!.l|r!.r.td n dFtdo!l! lrl, ll tr 6.yto

33.L@. twr Ft!-Iltd.llE t|dr .Ddc. h.a ! o.

rcdry coEbbr. b.... tr



t!

a@tbD 3.1, lh€ ApDr€lcl.

Ih€ €:<l8t !€ of r T3. D!ra-Ir!(bl&, !!drp.r!o@!!c! spros

l! 6s!1laLDt to th€ .:d3tdc. ot ruch . .E!c. whlcb tl not 'DDa!

T!15 wr8 lotn!€d ou! byllu MtU.3 a coF€quenos oft!€ loUowtns

Filllllr th.o@ d llD.no .

tJr! lneftn. Pq {y rychooff.D66 X, X !r D.!o-

cont!.ot rIf XXFX t! rlo!D!I. O

lo obtlrn Va$ MIll,B F8ult, suDpo3o X & 13 !!d Dltrr-

!nd.l6t but not lctlco@Daot. By l6nllois tlt6cn, !i X ls

n(ft l ( !!d hBrFe lychqloff), th.n xxFx ts.g.ln t3 .rd

Data-tldottlt but nd mnnlr. I! Urt! od th!, re.ult, lttelftig to

cstltnrct r 13, Dln-lldelof, nqtnd8Fl sDaco &ob! !l. a

!.tu!il apDrolch to ih. nab problen.

Pl.lsrE! pqlll! @t ln [1] rhct ! 13, p6!!-!td€l6f,

noncmll apa@ x n$t look ltt.. 'to st tt wltl, x bust

c.ntaln two .urJolnt clo8€d 8ot! . E .nd L wlrlch canDot bo

3.p!rr|t d. B€oaus X t. rlqubr, th6E rs . coGr h of ll

ty o9€r 5€t! wb6. closEs Err. l<, .nd €tnu.r& . co6i h
.6 t. by o!.n..t3 snos€ clolur€s nt.! lI.'. 8!!g X t3

Data-I&d. laf  and uoUlroU{X-{t tuf ,)}  rs an oFn co,€rot

x, uo atd to havo oD.n rlan6D6nts \ ..d vt,

E.D€otrvob, w ch !r!k6 trouvtutx-(8ur)) . rooauy

@d!bL ool€r oC X .

Althoush lrt U lrt Ir l@dly @unt!bl€, tt cauEr b.
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st6r-oo!6t bl6. that k, It o&oot sltrbss !t3 oM roca! coud.bltlt

at thc loldts oC EUf. Pd th. t.chnko66 us€d to pto€ 1!€oiEm

Z.2.3 show tlat it €v€ry Dmb€r ol trr tn .ta only co'rntr$ty b.ny

reDb.E of Vt, and atnultlFou.ly €Ery n bb.rof tt ners

ody @Etlbly in ny rmnt€t5 ol lrt, th.n tl ancl X cln b6

loEdat.d !y dsrotd oo€tr !.t3.

A! PLlss.r conttnr€r, ,,8€ccus { Ur U v! , !. !@![y

@untibls, th6ro 16 . @v€r.a X by o!€n ets €!c.h ot whtch o.€ts

only coutlbly Dlny.len6nts o! { trr U rr) . thts coEr cln D€

l€'trbd !o that r EaE! ulu vr u {x- (s u f,)} atd !3 nseu

locllly coutlblo, R.t ltlrs tl ! pE6.s, ih€G .r8," lor € ry

tr r I, nloc.[y oostabl. oD€n coEF lru+l od lt 6!rd Vnrl
ol ( *hlch FAn6 Un d h, c.F.cnwly a.d witn€6s ti6

t@.I co')nr.brUv od Un U lrn" !t th6 polrrs ot It U r.

llds ptcte ol ! 13, plra-ttnd.llf, no.homat .!.c€,

ObtriitEd by dsldodrg codtl6. t@ tD Mry luch 3pa@, t3 Ery

96n.d. lo lt FLi33n6t lakl8 d€tall by naunt sore as3unftrqls

whl.h a'€ h.llfll ln wd*jns tomrd . sp€cdc .Fhpt€.

!'We !r!M6 that th. Dolbt! of X - (It U K) ar€ telat d.

W€ asss€ that, tr td..ch n>1, "trn and Ln !F 6n|llle.

of ol-tiaiy ilt8jotnt cloD€n !€t6. W6 assuh€ ihat€ach U€ Unl.l

m€.ta o-!!!!ry \rr5 € ts ard ot-rnany tr3€ lt+t; 3tdra&

ld V. vn+l , Plrally, w€ !!3un6 that

U (u- l r  l r-)  U {{r} ,x.  x-(Eux))

t6. b.s ld X." Nso, a @n!€queno€ of tb€Bo a.$npdoE of
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ol PLl3.n€c a !s tlr. t ct $at ..ch U € Lr cdlla|!8 ol-rurv

r€Dbors ot lrn+I, slnlllr& !or.!c.h V € lrr .

llalslt|.r thd D.inr r dt thrt, wltlr thoe rs8lb!tt68, E clr

b6 !|@ rFctic tn d.&dblDs X. R€woltta hl8 prgaa$4lon

.llsbtly, F d!rn6r!t6 t!6 6t-r!.lt.nlroift r!.!ib.B d tt .3

{ur(ao)ldo < or}; sbltdy w! .nuiErat6 vl dg

(vr( Fo )l Po < ot ) . lh6n, for .Gty ut(oo t € lrt , E

.rurlrlct th. ol-tmy dtlrojnt ri€nb6.! of uz cortral|Fd h lt

!s {u2(do,q}lt < ot} , w€ 4unera!€ va .!nlbdr. rlhis

o'n,@Etld &h.b. Ef,.cts tlr. tuct drat lJ VZ( ,dt) lr.€tg

v2eo, F , ttl.n ut(oo) n€3!s vr(Fo). condnujIlg tn

th& ndr.r, 6r.v€!t n E l, w q!,r€ra!. lrull .!

{u!{r(o0,.. . ,%,1d0,.. . ,  A < 1} wrFE un{(do,.. . ,  S_r, t l l
$ cdlt ln€d b Un(do,...,q_r), cE €nu!6sie !n+t

Ach h € tl ll€3 ln ollctly qE U . lrn+! nor 6aoh

thus.acb h€ r aeternrrs a tu|ruon X:.-.,
brrh. Fqt)tr!'!€d that 6(tr) =q en@ ! € un+l( ,.'.,h).

Llf wl.€ oach t€ r U€3 tr€xaolty ooe V€ h+t lo..!ch

n€ 6 !!xt alebmlE a t"ou* 0r.-"r. h EddrdoD'

lor  ay n € o a 'x l  u:  un{( .b,  . . . ,an) .  !n+1,  u

dstomtEr ! iDctld dv r n+l -g defttd br cu(tl : dr

Ilk w!!..!oh V€1,

t. n+l - ot. t{oclc. tblt

i ;  r lDt l . i ly t€V !G

urEou
re*actr G.
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Io dtrpltty th€ coDDln todcr rF€d€d to d..ctlb6 x, w rFw

r€cliolsly nsEFad outtr th. o!|rr6latt@ scltgtb tor un+l al|d

vn+t br e!€ty n > I . lroE rr€clsely, e. lEb.l 6&tt U € l|z

oontdncd tr Ul(do) .3 Uz(do,q) lor lotE q sdtu4d4

cl> ao ard, !n aatdttid! ar > Fo nor €Ery vl(Po)

etllch roft U. llr& iB Eo6!b!. alrrco U tr.3!. oily court-

ably tlmt ro€!|b€a ot Vl. w. drulEEt tz alD{!dy. tr

s6n€rat, t€ labal.&h V. Unrl @ntalFd rn Un(o0,...,ctur)

a. U!r+r(d0,.'.,dn_r,orl w'FF an > on-t 6rd

.o > en-r lor €v€ry vu{40,...,pn_r} m.ttns lti m

€nrrn Elo vn+t aLlitlely.

Wlth lhlr mw dl|rlnotEilq| 5oh€n€, €ach h€E, L€K

rq)E4rt! an ts@sitE irFti@ f,, Q : . - .r. Alq tor

€*h n > r, €lotr v€ l|n, v€ vn Epr€.a'4. an

rrrestrs turctlon dU , ,rV ! n - ct . luttholrrotr, l!

u= un(do,.. . ,an_r) nelts v=vrF^,,. . ,Fn-t, ,  th€n th6

tunctloB dU t|nd rV rkt€rLcd'. tltat !€, at<Ft+l

a id Pt<o!+t  lor  0-15c2.

tho!6 conddo6tror, tog.th.r wrlh Bom ddt of dcvlco to

nak6 tha nr€ri!€r8 d €ach lrn .nd lrn old€d, l6!d frlrly

EtuFuy to dE slace ara8n d by n6t!!ir6r in lrl. Inihts lpao€

tho Dolrts oC x-(s UK) aF tlF ord€tld r.rE (du, rv) d

lrlodaelrs tuEtlohs arlsrrrg Aon bt r8sctlllg b.rto ot n l6t3

u€ Un ed V€ tn ior loro€ d.l. tlotr€l,€!, th€ €Dace

h Fl !6 Dt Ertn-Llnaloltt, PlEhl€E3 occur tn ttylnd to Ard r
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l6odk oortlbr, oD6 t!Ar!.6n tu ! 6rr!l wht h u..r E€oDdr d

!r! U vD eG bur.W edt rd606. r .

lo lrrd ltlr !6bt q &&t€oDd4lr t! u..d btnrr doin

ti !.do aG t.t. t!..dr \ d vo d ill|l llrdi b

o6|'rEr ol no[!fit &!.r-ctldr ol it B*tr. t!6 !rr!o olo

..t. r! €dr Ln .rd lrr !t! Dlrlb tlnbr lrl !..oddnsrha

rtth oln aib..b .a r trifuo. .rac. l,htd L lt N Dt

' oolbol|6vt.. ElurloG.
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Aodbn 3. 2 . T1€ Coobr[ltorlc. .

Ih6 cdDltlltod6l toor <ho€lo!€d by Prauln3! tn trytrs to btdd

I 13, D.!.-Irn&li'f, iot|l.orbd !p.c. t! thlr o6tuu.!ts. rD [r]
It€ ldhduc.. tutl 6ot8 and d€vetop. th.t Dasic pFD6rt!.3, Flll !€t3

!E r,€ry lnDortlrt tn pDvlnt th.t !|t €r€nDl6s a!€ n a ,
3@. not rDm!.tt sm tlot cotloctionwts€ nolDl!. sraudlluuy tuu

!et. {Brs rElt€d by c!|ad€s Mlns [4] .id lbrssnar [u.

3.2-t! llotaEon :l p.flntio[, r.r

lDE!8lnq) .  GlEn n€o,  rd Pn.{p

lEEdne) . I€t P:*l>r Pn . E

l={fro-or l  r ts

sard b Elgbe rt
Glvln [. t, d

o( l l< r ( t+ l )  ard

E
r( l l  < o(l+r)

c o),

n

3.4 3r Notattonal D.Eitttd. clv€a p tn
. tr . l  a 3l lb53t a ot <".r ,  Lt  tp.Al.  to€Alp
tn6 st of dC6|3torE d p o@Etit ln A.

3.2.4r Notdt6a! Eba4ltioo. c!!4 n. o, bt A rF

a sub.€! at  o.r .  Glv6n i !  sn, ret  nnFe.1ot11s.4,
th. .6t oC thos lrBd6o6ssrs (tnttrat Fstrtc4o||s ) of D!ib.r. q! A
wt!.i! hlve doDaln D. Aain [t l ,  r6t pd,.U rr!h,

th6 ..t of all prEdoersor. of n€hb.B of A . tr
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$'6 B6t {p} t5c.rr6d !!!!gg g. a subs! A

or ta c.Ir6d r-nrU ov€r I ,l o]n=p ld€lDry

ln A .rxt A Iruncout bl€. GtEn n :1, a.ublla A
nbd., rs rccureroy d,.t JFd to b. (!4,LiIU.EEI p. !t

lPftA rs n-ridl ot €r p snd tolAl ts l-tu! ot/€! 6

(L6., t|lt@6tlbrol &. av€iy o tn pPftA. tn otn€! $qdr,

! !ub!.! A ot nftot $ d-6r!! ov€! p tlt€very n6nD€. of

A ortorats p .!d svoty @,ibo. ct Dln{l n." unoouuolrt

L

nany 6r.!.nsLris !n pnDfl{e to" o r t 3 n-l . PrDnlty,

gnt€n n€o,  a sub8st  A

tr-tuU aEr $o .bpv tunctlon

3.2.5r: D€fuldon. Lt p h€ h Eo, lor sou

'I€ o. Ih..€t {p} r3 c8u€d g!lg!!g4* !:&gscI i,.
A slbset A of n+lor t. c.rbdg!@!l!I !4!.Sa9I e r
dlh=p lor  6F!y d tn a atd {a.  o l lp^a€A} ts

(not only unct|lrllb!€ bn ako) staddlty tn o!. Stv€n n >1,

a subsc! A of n+h+l o , ls r€oulslvoly d6an d to b€

.g@g!!I -@):g4rggr e rJ ptP "'A ta slltloFdty l|-tuu

or,or p dd I d r Al l! stattondtly l-ft! or,€! d &a

erpry o ro p/ohe. Pban& rtv€n n. o, I subs.r A

of n.,, b odr€d !qEe!r!!!I r:!! x $ !. stltlo.rtv D-tuu

t. tr

b cdLd j4!L ! tt t3

o{y nenbe.oc o\. 
ll
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3.a6r D.ttrlttoh. Id tl b6 tI o

n€ o.  s lv€n n- l  ! ! rd  a  3!b!€t  A of

hDl lv { r .o€A) t3a! !6d! !  !4! -A:g@gE! r

a t3 n-f,iu oec il a!d, td €Ery p and o !n a,

lnt€Il€cdo €C r- ltrd .. <l.Frd. ody on t!6 Da.UEl

oolrEn pr€.!663@.of p ad 0 . MoE Pt€o!3olt tbo faolly

fr^. p 6 A) @n b. €'eand6d to ! ( unlque ) jgg!.@lr

(ro' o. pA, &E(d, a li) srdr thlt rp n ro = ro i{lr€n

P ed 0 ln A har,€ d as th€t lE:(lll.l codtFn

DEd€o$8or. Notl€ trar tf (fprp €A) !.a l-6r!l a-Eysr.E

o!e! rt wl$ et f.Dlly (rdr o€ DtA, don(c, > n), tt€

@U.ctlon {rDlp € A} lsa a-.yst6b t! th. ulual slso riltb

@t rt . fln6lly, th6 t Duy (!p ! p € A) t. o.r!6d e

n-futl .&t{gE!! u lt l, a! b6llr a4yst€rn ovE l. E

3.!sli-_-@.. srr'€n '!€o,
Gtv€n t l r€6,  l€!  A b. . . lbs€roc

A r3 (.ta!!dr.dly) (n.rrF6!r oEt p tff

*h.rs D l3 ( stderadry) n-ft.ll ov€! p

( 4ltlol|ldry) ,-tuU d'3. o tor 6v!ry o ln  D.

atd rst  cc- [o:A!

lh€n

E99€r !.t D= lrDftA,

.!/€ry d tn D. tr

:i?tlt!_!e@. Glvln n €
(dltlonlrlly) n-nU. th6!l A n Pn, th€ !.! d lrbt€astng
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Enh.E d A, !3 .l!o (.tdm!rUy) n-tuIl. E

Lari__l€Egt. Lt a be !! !-turr 3ub.d! of P! !o.

Bolio n tt. lD€n th.F €xl8t D|tuilty ln!.rlao|I{ elD.ls ol A,

c,! 6o!.rEry l€ @, sEh thli or(0)l ct(o) wrlo tl ,.

tr plrtl(! 6r, tllere !t€ tlro ltn6d.dDt n.nbor8 o .r*l r ol A

lrtb o(0)l .(o) r r€ et[ u8s thla 6ot ofron.

EggL tl Droo.d by lduogd ql n. ror n:lr

strc€ A t5 urEounltne, prok dlstliol rd6rnb€r. of A, ot nc

6vsry l€o. &am tlat tlF l€tDtra 13 tuE 60. n:d. l|ow

Lt nEn+1, Lt  B=pfA. t t |€n B t6 ! r - t rU,  Ey th€

tdudE hylalEal3, rhs!! !t! nulrlrly rr .rlad!9 E ob€ls d B,

Pr nor €tr€ry l€ o, rctrc o{ sttlch 4e !t o. Ntr Lt

d=. .u0 pr(u- l ) .  ldd! ry  l€  o,  3 l l4  [p ! .A l

k ulEou|tabb, E d d. t!

thl! corELt ! tn€ lrlduodoo.

[P!: Al *16

E

( rtltlor|.dry, n-fttr ov.r

o =rY. ̂ . ' 'ua
n-f.rlt ov€r p !or.o0o

Glv€s I ln <oot, l6t A ba

br lo! t .  n. t .  &!Eos

celllns ! ,e! whlcb !! (4aaron dly)

3.  Z.bt

EggL wltlout lo33 oC g.Ddautr..dD it ! p ' I .

W€ !.ooBod by rdudrgl oo n . lor n E I th€ l!!|lt! tr €a.y
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dno.. @!u!abl€ utlon 06 co||ntlbL (nostltlonatv) 5ub36t3 ol or

tr co|)ntabL (DaFtatlon ry' . &.un th6 Fsult ! ttu. lor ! = !u .

Ns l€ t  n :  n+1.  L !  B!  DJdA.  thd D ls

(statloilruy) D-fuu. aor.t 6ry t€ o, l.t Bt= to. Bl

[6'\l b (3tatronatly, l-ftu ovor o]. to! oFrv o rn B.

t o r Al l. ( stltiqladly ) l-fuU oEt o , and 3o, bv th6 c!3€

60r n.I, torArl 13 (ttltlotEdlv) l-tuu @t d lor lorF

Ibu! B: U B,, By th€ lttdrcttvclyDothest€,
l€  o  '

8l cdtnln. a s6l e,hlch $ (3tttddr&!ry) n-fult tor lo@ l . o .

lo.6uch !n l,A, contah! ! s€t ril!.h l3 (stdoD.dry) n-!'Ll.

lhls ood9Lt6l th€ ldEtlon.

( strEoDltUy ) n-nrU td em

3.2.1L taDoa- W

3. 2. I ) . S|4Eo36 thd lor arory

A Illlch E8trld. ! . lh6[ A

tr
b€. snb8€t qf P ( Doadtrd

ln ! therg l, a r!€!D€r ot

cddn. . st vtlch t3

l .

f

!99!. 6uDp$. not. By rn&ctton on D, doEE tlD

b PE !or6&h m€ 6 such tlrat: (r) rc 3ubr.t of A 13

(sl.tlonlrUy) n-tuu d€r tlD lor aiy n . @ .trd

(!) rLc tlD whsn ksm. r|otloo ihlt tor €E t D€ o,

lml a !tnc€, !n p..tlo!rar, e dlbstd A r! { stctlo6!|lv)

El$r, l€t ito: I . sin6 A ls contal$d ln P,

lol A; 1.€., no lubs.t of A 16 (5!!tron dry) o-tull o|tr
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tto. nlrq .ln . no .ubsat d A ts (s!.tL.Ddly) r-tutl, by

ddnrdotb ab8diof A 13 (.tltionrdv) !-futl o!E! 10 lor

Xoe, rdvl'n rn€ o, b.vtns d6ai€d 10,..., lll

ldt!ff qr $. rlnnrdrv! .8qu&Dt!3, d.flD ln+t. Fd €ldl

.!E m !ub!€t qr A l. (d.tt hadry) (n+r)-niu ovlr

ln,  th€ sst  AiX+r= {p€Po{ l  p €4r6!ds ID and.or !6

8!b&t d A k (rtd@!d.ly) n-fu! ol,€r pl t! oord.bre

(mt ddrdradly l-tull oter ilD). lh€r€lors th3 l€! Ai|lt

. U a?E+l $ colrtr.br€ (not lta.roiadry l-tuu @!. ilE'.

8o ctrs d- 'n ot-{p{D}lp. Anfl} loch tn.t

du > tln(n-tl it ri ! t. l€turxr ttbn s ttr^ c., !l'e

6[ctlonc '1/....., tln+l saurty th€ lltluotlv€ l€qu!€n !l3.

.ir:i. r:rF.:aes i!€ tndlEtton-

N@ ld t =#" n. .
l',ldoh 13 rFt tn A. Ihu. I

latrlction ln A, a odttrldtotton.

.e! $tlrch l' (.auon dty) r-lrtl tor

p r! A, ll€n A h.8a obso! B

(.p . p € 8) ls .n n-fdl a-!y!t r! ov.r

t t  I  b€ ln  <tot .

n > l, and r.t rpn-6rI

laDlly

4!. tl !o. looo

E



EgL wlth.lrt 163 d rr.Frlrtty .*'lc tblt rl = , .

lV. !roc6.d by ttdu.tlo on tr . lot u = t, tlrll l! ,u!t th6

|l3ual A-rysr6n l6bD! lor Anlt€ !€t3, ht ! dlr€d !.ood l! lDld.d

e&.n a l-6rlt !.t A .id a Adt !.t ro !or..ah p

ln A, w. nual and 6 l-6rtl 3ubl€! B of A arc,h thlttt!€

rl!|rrv (r- r p € l) ls. l-fuU a-By3t o. rhat !3, E rluat

b€ an wouJtablo sllbst of A 6uch th.t tbo ccletron

{rolp€B} r!a a-.y!tn. ly th6 Drrgolhole prlnalDl6, iher€

l3d D >l 3u4h thal !- ha6 D elemd! for@t-

lbly DlDy @ab* P df A. Th€lllol€ !8al!|. wlthout lor!

dg€Fllllty tha! ro has n 6l6rnt6 fd.wty p tn A,

W. F!@.d by trductlo on n . lor D = I the F.dlt l. .!rt .

Aa8tre t lF  F4I t  ls tu  br  E! t .  I tou Lt  rd ! t+ l .  fb6r€

.$ tYro ca&s to consld€r.

C.e l. Tbc k d.LGnt x wlth * € ro ft.

uEo8t bb nany mDb.B p of A. Lt A = tp € Alr € rpl .

Pcdch P tr A' rst 5-: r- - (x). ly th. trdlaltt€

hytothosl. ih.s ls a slbs.t I ot C ructr tbattB !6n,ly

(3^ r p . B) i. a l-ftIl A-!y!!en. Th€! ote faDlry (r^r p € B)

l ! . le . l - f tU A- !yrLn.

Caro ll. lh6E t! @ Buch.r.ii.tt x. n cur.tEly

onoo36 p(a) tn A lor.ad c <on sci tltat
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rp(c)nrp{€)=r'  tor sv€rY g<

lhdr tb€ 6ntly (rp: P € B)

br I = (p(d) ld < ol) ,

lht. cotnpLt ! tlF ttrductlon D6.d.d !o t'oE tho !6Dt!|. tor D : l.

A!6utn6 llr& tlb l6M! t! bu€ Io. o . rn . Nq lot n - n+l .

rs t  D-uFA,  a tx l  L t  Co=[o.Al  fd .ach o rn  D,  Ih6n

D t! n-tuu sd Co t3 l-6ru oEr o tor e6ch o in D . By

th€ ulual A-lystd !6nna, €ach Co cqnatnd rn un@rut bl6 3!b36t

c; suoh thlt th. conocdo trolee c;) t!. A-.y!t€rn sth ioc.

to. ApCylns th€ tductlv€ hytotboslr to th€ t lnry (to. c. D),

rc obialn ! subs€t D! <f D !uc! that th6 tarlly (td: o. Dr) ls

.n $-6rU &lyat€r witlt loot fan[y (t.!€€DrD). rho 3€a

cr . Utc;l d. D') !' .I$ort trte dast€d ,€r B, hrt lt

tlbn€d dosn a llttl€. 16 ltty dl3tlnct renb€r8 o lrd

p.\, ron16 ts to b6ln<t Fndot.f tb6 chot€ of

and 0 rn [ '3  Bl  .

&urnEhte D'as t r (d) la<01) l r l th6ach re io! t rd Dl

coqt€d dl ttno3, 8a.!ch o tn D, w€u dd€r O;. $oo,

lo.6Ery a < oI, rccB!%ly d6tln6 p(d). Cr .l6s wlth d(d)-

p{a) ln.  t l lv lne.rr€.dy detrn6d p(E) .nd d{e)  fd C<o,
I€t u"=fo {'ettrt otet). r tr(d) nud:1, 6€n r€t

o(c) = r (dt . otherwrr€, rst j b. th€ rafq..t Ltrq.r ! ,uch

do,  . . ( r l l ,  n t ,d  -  I  .  I€ t  d(o)  b .  nF drd o.  Dl

(lr the elEn €NEGtloD) 6u.n th.t d e,a€nd3 r(d) I t ,

o I 0 +r) h.3 not y.t occlr6d aB d(it I 0 + l) !d .ny C< a ,

and tonua=1. Now I6t p(d) bo uc trst  p€ c;(d)

in t  c!Bl



.u.! 6.rr (0 pt pe, b.ry l< ", 
d ort t'p - L("1 n

CY,iro'f 
'  l |nh l '{p(a' lo<ot}' rhd t '

tdlr (!o I I r E, l! .|! |D t-tull ^..t4.r n6 tECa ndv

(t ta.  D[ l t  d. !  t r - ra b a.E, lb l ! .6C.b!

to lldrodd r!.d.d to r!r. tt. LE . tr



8€ctron ,r.l, A Pa!a-!lnd€l!4 No.narn.I Md€ 8p.@ c66tnot€d

Und.r t'lA(or ) .

ID tbr6 €€ctt6 fi€ ld€.8 d Oh.pt6! 3 .t€ u6€d wltl| . nolaal

ol-6ntor tr* as a !€LEn@ 3!.o€ t coslructlrq a n€w .xanDL.

lvbll ot-Catrte tr€€8 alE lot collocttoner!€ taauddf, th€y .rg

MooF 3pa€3 rtlch, tt M46r) t3.53u|n€d, .r€ nd'lEl.

A trE6 [3] 16. !.drarry dd€l€d r6t (r,.] suclr th.q f6

6wry t !r I, tho 36t {x€rlx<t} or !u stdct pEd€coslor.

al t t3 $bu-ord€r€d by <. lq any olrllral d, tho dth lEvel

of I !E {t . I I tlF ssl of aU F€d€ces.o.s oif t !!dd < has

odsr ty9€ d l . lh. h€tdt d I l3 tlF BDaIloBt ddlml a sch

ti.t th6 atb Lcl of I 1! 6nptt. An o!.n td.real t rn I $

oC t!€ f*n {t } for s6. t in tho oth r.El of I d

{x. I ls<xt t }  ta lon€ .  . td t  tn I .  l l r€ t r€€ topololDf

6 I, rahlcb Ir always tl!$dorf atrd Egull! (!.€., t3), t! tlE

bloroly 96n€r.t€d !'y th6 b.s d .U o!€n ttt6Nak J !n t.

Tb€ Crnta t!€€ C ts th.f.€ 5'2 ofOE h€r$t .+L

F.tLUy onl€r€d by lncb.ton.nd tololo.i|:6il lry th€ tte€ topolosy. L.t

C r ,6 th€ oth r€v€l  oJ C-O| . t rs ,  '2 .  I t  or i -c ,

th€n. f, -Olnlor lr€€ B i3. rubr€t of C oC c.dlnaltty E wEch

6ta ln3 rU cf  C-C.

.L!1! ,__&9!9EI3l  .  l t  o<E<c, ,6t  I  be! . -crnt6

(6) I l! a 8.p!labb, lo€aUy conpact Moo|B 3paca *Dloh ls
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mt coiU.cddl.. g|q3<!ortr.

(b) (MAF )) B r. ra|nll .

a.l.2r Notdoml p.!nn&n llrA(o, )). I5t I b..n

ol-Oaltct6c. Lt rr b€ th. o$ l,6v€r of r, a dt3crst€ !!bss!

od T.  Crtv€n oel ,  s t rc€ lPnl  -or ,  l6t  srrPn- l r  b.a

orF-on€, ato I$cdd .33t!r$E to €ac.h o ln P! ti. ..qu.no.

En( o) of 0'3 ad !r!, ahc. I l. nornalundd MA{o!), fd

..ch 3!b3.t of A of PI{, th€rs t6 a tuncEotr dl.Pn-o Nch

ul l t  sD(o) I  b l  , , t ( r )  I ro wh.n oGA, '€Pn-a,  .nd

b . b!x(dA( o), dA{'}) . tr

4.L3: tfotatldFt D.A don. R€clll (D€Anltldr 3.2.1,

thai r-{ f  'o-ol l l  r ! rncr€!. t !e}.  r |ow r6t ! t - taolf€r},
t(={t^1lr€F}. thu6 t{ lnd( @.trc dtarot lr  copt .  cC r. E

4.L4: Notatt.rFl D.Ar{Uon: I€t p bo tn no, for aooo

n>r.  Lt  Ip3rt . t f€r l l l r t r -p) ,  D6aF tp: I4 lnd

lp trl halosa'ry. D

tr

,..L5! E:appl€ (t A(or)). Stvgn

{(o, ' ) .  d I  (r}  o{o) l 'p),  ( i l )  o .nd
(!r)  . t (dlr) ln=!r(r l r) fn ra ! !

U I- .  l | tu !€t I=r l  and X- sU

' ) ;  r€t {"
t .rU

Irt X b€ topoloqlz.d a! fouor., GIlq x tn I, {r}
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ls o!.!r t!!t te, tt€ poltts ot I lrE t3o!!€d. Glv6 n > I atd

h rn E, rho s€t unft)= thlnrEl u{(d,r, .  r ; l  oln.htn}

b o!6n. 8tDllldy, giiv@ tr.1 6!rd k tn X, th.3€t Unft):

lk ln,Kl  u{{o,r)€ I ; l  r lD.r tn}  rs o!6n. th. ! .oDo.. t .

hlt qpt!.b.s a tdth. toFlogy on X.

Iho toDolotlc.l .Fce X h.B th. loUowrtq p6!.r!i.a.

(a) x & lr and 23lo-<Ubd.lo!!l adh.ltc€ dlo 6gd.r ard

rn nrd cqlpl€tely Esut|!.

(b) X $ 6 Moq6 Bra6 wlrh ! o-dtsjotnt, a-locally

courtabrs b.3..

(c) x !5 Ft -Litrd6lof.

{d) x ls nd ndnlr.

(o, x l. mtlconi.o! .

(l) X ls ca'd.bly Da6conpacr.

lr€qu.ntly, a Edacattc lflolvtng Dokn. !n E .nd th€

c6Fspdxun9 oF tDolvrnt polds !n x aF totauy lDalosd.. !|

such cl3€sr wtthout lny furthr $qnbrL only orb v€dflclnor wUr bo

(a)r Pf.t, w€ .€€ thlt X

olo!€al. tq.lch x tn x. {sr}

in I aob x. Glvan a p€dnt r.

Do.€Darded aon x by Un+tth, .

&ry cah€r Doltt h' b II cab b€

& lli !,.., .!n914on. !!.

3.p.6t.. lnt dl.dnct lotit x

|[ \' .ry eolrt h ln I o.n

Now c6.ld.r ! F|nt h ln E.

BoDaEt dion h by Un(!)
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stEls n t .  r .es.n@sh so &. t  h ln lh ln.  Arso,  for lDy k

in K, €vsn U,G, s€p.r.t6s t Aotn I .

In !ddttt6, th. qtcn b!s!c oD6! !€ts !F cto.€d. !.ch {r}

cot ln€d !n I k clo.€d l3 x t6 lt . ll@, qdEn h ln E

! !d  n :1,  @latdd n=Unf t ) .  Each x  tn  I -u  l !

s€9lrat€d ton u ry (x), Glv.n h' tn E-u, vo{h')

!€puat€e h froo U {h€r€ n r. r.r9€ .!ush s tbat h' I b I

hln (6.q. ,  b=n),  In 5.Fr l t lns k h I .  AoD U, th.E

aF t!'o por.tlrl!!e5- lf t(0) = h(0,, rn6r UrG) and u .E

dsloht .  Othcrwl6s,  dnc.  k l r lh l l ,  And !  l6tse 6ns9h

so dlat  r t { } l l ) l ' i l  5 t (h l r ) l ! ' ;  th.n vnG) .nd u .E

d.l<nnt. Itu. th. dvs b!36 O t! clopotr; 3o X l3 2€F-

8trc. X & T! 6rd has . clop.D bas, it t3 13 anal In

{b}! r6t n. r b. slr,€n. t t q0" = tun{h)llt G E},

ql, - (u,al lr . xl , ."a q2"=ttx)lx.r-u(sonu4D. br

O, - 00, u d, u ql . Eaclt cottecuon q'n r" p"t*r". ar"rrot
fd e-0,  l ,of  2.  &E tn6 b.s 6-JJlq,  6 16!

d-dr.rodnt brse. thc€ tlr€ colt€cttoD tqnln.l) .d op6n

c@tr. of X tE r al€!€l.pEart for r(, l{ is a Uo@ sp.o€.

ftl|.Uy, n€ v€dfyihlt a !3 d-loc.Uy coontlbL .!ncs €acb

q 13 rocaDy countabla., wlttl3s€d Dy qn+r. Id n:r b.

glv€n. Ol€rl, loa €.dr x tn l, (x) De€ts at no5t two
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nE!ib.t. oC q!. al8q lor €6dr x !n sU(, gnflG, det5

only cmtlbly Dlry n6b€!' of Ah . Io wrlty thk, colrdd

g= ur+lot 'tb€G !€1. v n .ts .r(!cdv d D.nb.r or

C; - D.o.t% sn6) - lnd no t!@ber8 d g; . Noe 'ueDo.e u

!ro. t3 UnG) {h.c k.K.  oh@. {q,r )  r r  unUnG),

th€n I l (n+1)= ol(n+l) tnr€r iaes wrrh r l {nrr) .  8o

ti.!6 ttF dlly corntitbly o!try potB&dLttlos for rl n: k f!, *i!ch

d€t€nn!€s UnG)- lor k h r. lhls U n€€i3 dUy oounEbly

rd.ny i!€nb€r. ot q ald henc6 or qn .

(o)i lo Frtfy th4 X ls pat3-t.rd<l€ldf, lel t b€ !D oD€n

co\,€r of X. Ac €acl f rn F, J,at o{l) b. tla $i.U€sr

tnt s.r b such that bottr Un(t^ o) and Vn{I^ l) ar€ cd*.!Fd

l .DerD€r.  of  v.  GtFr t r  >1,  l6t  \= tpG ln lo( I ) -  !

naso@ (oedy) t tn P shlchoxt nd3 p), or.qd!6r.ntry \.
( r ln l t .E lnd c(D= n) ;  r€t  { :Pn-o b€ !  tu t tc t ld

.6Da!.tlns \ tq! Pn. \ a3 tn Doftniilm 4.1.2. Pln uy,

ld.ach t in !, lot d{f) b.lh. brs6ror c{O .nd

19116) dt(rf t). 8c oared€tre, €xt€n<t tlF tuncuas c ard

d f roD r  to f  UI IUX by l6t t loc c{ : i ) :c(r to)  and

d(x)=d(xIo)  lor  6ad x in  EUK.

ld6ach *  b CUK, Lt  W(x)-  UcF)t l -

t (  o. ' l  € tE) l3t(  ol  l ,  I  dtx) I  sr(r l t ) ld(x) rd.dD6 r.qx)).
lo v6l$ tlat oadr w(xl !! q'.n (.nd h.nc€ oroFen), cond&r

wO) wi6r€ h. E. Cl|.dy wft) n I l! op.n. 1€r each h
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! r  s,  h ' .wO) I t f  ht lc{D=}lc(h, .  uor€ov€r,  r l

hr€ wh) nt l ,  OFn Ud{h)(h')cwO), Arso notte t lFt to.  h

!n It, h l c{h) d.t ai!!€8 clh), d(h) and w(h), th€ sano

hordsfd k !n t ( .  Now !€t  80.(w(h) lh€El ,  b l= {w(k) l

tc(}, .nd 1oz - 11"11". t - ut rr0 u rl l  .  r"t u be n'" op."

"-"t 
too u tolt, to2 , wlrrch rtfin r v.

lo ,66 that b !3 ln flct tocally counlrDl6, w6 !.r.t hlrlltlgat

th€ .non! of lnt Ectld bslwes tts n€rnrr€r. . goor t0 u I!2 and

bl U bz are larrusc aisrolnt coll6cdoos. Now suppos. W(h)

nr.ot  wlk)  wh.E h.E al t l  t .X.  I  c lab th l t  c lh)=

c{}). 1o vdify thls, slplo€c that c(h)l c{k). Wnho|' loss

di g.mtlltty a38uoo c(h)<c(kr, ald rat a= c(b). Choo.6

{r, r) in w(h) n wft). Thd dlr€\  but  r lnc Pn-\ .

80 'n(oln) ln l  sD(r ln) tn whei€ D: n! ' (dn{oln),

d!(r ln)) ,  I t  m.dn(ofn),  th€n m<dlh),  ad so

{q, ' l lwth}.  otb€rsts6, ' I "q( ' fn),  ns d.(r l ' r ) ,  nsd(k},

cnd so (q,r)lw(k). thtsls. cdttadctton, ad th@t6 c{h)= c(}}.

w6 no vsrlfy that |! !6 localv countrblE. GlEn any x

ir t, (r) ne6ft at Dodt two Ddb.rs of b. ror €adr x b

lr u l(, let z(4 ba th€ olen .si wG) n Uctx)+l(x) . tt

clEckltE th.t 6.dr Z(x) avotd6 aU brt c@lttably Dany nErib.rs of

l ! ,  coEld6r  z(b)  wb€G b.g and c(h) -n.  z(h)  t !6et3

l6t ore nchberof t0Ubz - Fnsly' w(b). 86cauF ZO)

r€dh6s w(h) , #ry rI|b€r of br nhtch zlh) |!€€ts lt65

lti ul - wh€r€ rol . {w611 t . It cnd c{k) = n} - ard r'



th€rdor€ cart{Dod h ! mbb€r of Cn . Btd dlr Z (h, dlo

EeF. Un+Ift) , n @6ts q|ly cdlltbr' runy @nbor of ql,

6ach of whtcb cdltltDr !t rio.t 6€ b.!b6 d bi. Eo z{t) @€it

Just counlably 6any n€nb€ls ol lDr sndhene.f D. tnts corlprdo.

tI€ Frcdf tl|!t U !3 locauy coniablo .nd that X 13 th.rstd€ p.!a-

Llndsl(tr.

(d)! ro v.dl' thar x $ nd rcmsl bt Vr and Vz b€

arbluary oD.r .6t. lihtcb coldah tlie d.ror clo$d 3.t3 g and L ,

F3petlEv . W€ wlu 3eo thlt Vt and v? irtds6ct !trd thu! t}at

E .nd x c.mot b. 36Datat.d by dlslolrt oF€n 3a!! . wtlr v the

o!€s covEr (vl v2,t) od x, Lt c(l) lor.lch I in F

and \ lor €ach tr > I b€ .B tn tD€ prcor or (c) . Lt

A"U.A-. 8rD€ w€rr f ln I h.s a r€.tdotlon ln A, by

Lnna 3.2.U, ch@8. nrl 60 th.t \ h.3 & n-niU sub3€t,

.rd rst B ba sucha sub€t. Deg@ th€ ,,Datcurqit tulEtlo

v : B - (nz )n (th.t l6t th6 s.t ot n-tuDt€s d! nz) by !.ttlrE

M(p) b€th€ n-tuDl6 { €t{ p I I ) I n , . . ., €n( p I n ) 6adr p !D

B . &nc6 th6t! !F .! y Snlt ly r|!ny !o!!lbtlm.s f6 U (p), !,y

LDD! 3.2,10, Lt O b€.n n-6rU srb.Et of B otr obtch M

t, car.t ot. Now, b'yLbr!3.2.9, ltrd twoht daclnq rnenb.!

o dil r or o wfth a(o)l r(o). lhen th6 podrt (q,r) !€.

!n Vl n V2. l'l|oFtdE X t. nct n6Drl.

(.)r W6 Dorr Edfythd X ts ncta@np.ct. Grvm.nt

oD€n oov6r v cf x, th€ locruy colrtable op€n r€ln€nbnt b



corrEudod tn tD. lroaf 06 F) 13 cko potd-an!t6. tto$,€tEr, whrb

lho ol-Oantor tr€. sqEncos ar! nsc€ssary h Drcvtng that )t t! Fr!-

Undsllt th.q.6 Ftlnlorbllhe. w. c.n rust !. w€lt lhd a

Dqbt-inlto oD€n r6tu6ndt U 16 V oo.E athDly. D€lDe th6

fecuoi c o !UEutr !B tntlF Drooror (c). lh.n t6t

u0.tu"61cr) lh€B), l r l= {uc&)ft} l  k€K}, ald !2-

{{"} l*.  t-uttrou ut)}.  tat u b€ tb€ o!e. cov€r

L0ut lurr2,  Ef lnhg v. Soth tro u lr2 *a ul u t 2 .."

Dalrwts€ d.rornt colbcttdr.. Stne dch Dohri! EUX lt6s tn

odctly o6 mbbor o( u .nd erdr pobr tn I lI€. rn.t iao6t two,

U l5 lrdeod Ftn!-Erlte. Th$ X l! ngtlcornplct . Nod€ thlt

ttr thk Fodf n could haE doftEd rh. tunctton c hdeponddtly 6

Il ard K.

(f)r tlDllly, to \r6dt th.t X ls corDtlbly laFconDact, t t

v b6 ! comtalv tdtDlto op.n cov€r of ]l. ttrdlx ! a3

{v l l r r r } .  Eq. .ch I  !n  E,  L i  c{ f }  b€rb3rn t t6 . t

htosEr n Euch tlrrat bodr un(f 0) and un(f I ) a$ cordn€d

lnsot. Vr lrtth t =n. wl$ cO so d€An d for€adr ! tn

r, so d to detn€ Ar atd dn for 6ach . ! I i d(f) lor €.dr

f rn !; aDd cG), d(x), lnd w(xl ior o.dr x rn HUr

!@d!U!rsly.! tn tlr€ pro.C of (c). Arso t€t U0, tol, l,rO U2 be

aE !D dF Foor of (c) . & b6ior€, each w(*) 13 oFn, .nd wt )
clnndre.t W(xt) str€t€ x . lnd *' .r€ h n U x, unro.g
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Fd o.c.h .>t,  tat  wl-961611;.  duK .rd c(x, :

n lu{x€l l {x) .62 ona xe v--Uq}.  3h€nth€ o!€tr_l<n_
coE b-.  {w;nvr l  n>l  and l rn}  13 s looauy snl t€ r€sE-

nlnt tor t . tr a.g b* r" lta.-arto ; that t!, .ach n Db.r

of b* .wrds aubr4 {nlt ly rsny neobets of t!*. E

b tn& 6)anEL, th. ol-C.nld tr.s !.csEer !E d.siill in

tsltjnt X to bs !.rd-lt!dol0t .rd d5o colll|bbly FracornFrct. lor

6rry I . I, rhe !€t Pl k tdoni,fi€d wnh th6 roD Lv€l rr od

tbe ot-Cadot tE T by thc nred6 .r.

Irt h in Il ard nEr D€ Cv.[. rny nntb rsvorn op€D

n tghbdhood ot h - th.t t5, on6 eboss lnlsr!€clrc| slth E U f, tB

lhIn! l l l  . id  st ros.  htqr4t lo * l th t  !sd. t  mln dtaI t3.

lnlarsecuqt wltl! L - c.n be thld€d doM by.n a.3oclatld *Ith

tlD o9d n lEhbah@d! of sr(hl!, rn t fo. elch tin. Md€

ptecls6v, the nth tev€l o!.n 5st Unft) r5 aslocl.t€d wjrh th.

oDenlnt  rv l l  { t€r l . l ih l t } ln ' ts ! r {h l t ) }  !n  r  &c €!d!

t - n. But it D > n, a dndl.t nth 166l ops Dlchborhood ol

h, .sroclat d wltl th. oFn !nta!v.l {t.1lsr(hl!)ln-ts.t(hlt)}

rn r to. €lcb rrn, rs vn{h}-t(o,.)€dlsr(ol!} lul
st(r l t ) ln for sorb l3nl .  stnutt ty,  t6t  t  t t r  (  .nl

n - I b€ qtvs. Ar|y Dth leEl open Erdb.thood of t - lhat

!8, 6. who.€ lrt€B€ctlo wtth I| u K t! [t I tr , Bl udwhos€

trt€E6cd6 wlth I t5 d.td6!Dd by rl3 rn!.E Cddt *Ith \ 
- cln

b6 thlrEFd doM by an arroolatto wtth tlF o!.n n€ldbqhood! d
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! ! ( t l l )  tn r  !o!  €adr t3tr .

aa€us ino ot-carnor t€€ t r! n6na!, t'lllr tl|l.nhs d4r

Drovld€s eDouql 36D.|.tt6 to n|6k6 X Dlra-L&d€lttr, lcr lt gr!€3

. hadl€ ld conloltrng th. rl6cl3n .dhter€€ctlnc oFn *t3. Altlr6

srE€ tttlb, I ts not cotlecdcrwtle Ea$dortf atnce lro uncdltrEblo

,!bst of th6 GuscBto s€t r' can b€ !€p.r.t€d by dtslqltr! o!€n ssts.

l!F!.f@, ettalrly, tb€ 6alte Equ€[c€. slp ll) ltr wlor 1rn

c.nrct drtlngul3h rrc@lt bV !|!rry @D!€E p of.!V glv6 Pn

flon 6ach othsr; rd€oFr, uncotrntably tllry €f th6n lflU Bsre ar

.u$€ s6quenc€3 5l{p l r ) ln dt l r  r rD,  m nan6! howlatse

ItF tdt€ser a t! . In vl4 qf tltl3, th€ thtdrtns d4h Fovld.. lrttlo

€rugh 3.Fratl6 .o t!.t X Endn. nqrDomal.



a5

s€ctlon 4. ?. A lilom.r, P.ra-I&dordl, Co[€d1o6*ls€ [ohnc.ro.l

Uoor€ Sp.€ cd.tnlct d Vh&r rtA{ot),

t{oo, by o8tb€ddtlt th€ tscihnlquer ua€d tr th€ Dr€vlou3 t€ctlo.t

ln ! .nC|tt dlti6rsn! Fclrr!, w. onrhrd anc'Er€! 6r6n!16. lr t!.ls

topoloolcal 3p!c€ the!€ l. only d|e cry d ! , anil tlE !.tr. d tnt !-

bcltp Darttal turctlos, ri,hlch lrovld6 lrt6rEstrnt tnt6..@ttons b.tred

oFn ..t3, a!! !no!d6r!d Fli'8 rath.. thln oftlarld !alr3.

4.ar: D<lu|Dl€ rlvlAao.ll -

{(o,r}c Pnl(4 o(o)l r(o}, 0r)
(!r) 3l ol r) ln = sr(rl t) I  r 60r

U I-. No|, t.t l = ti .nd Y

Glhn n>I ,  L t  In=

o ltd r lnt fb€, nnd

l . !5n) ;  t€ t  t ; :

: IUI .

l€t Y b. toFilotlr€d.r lotldna. Gtvd y rn t, lfl

t5 op6n; that !., th6 polr4s of t arB $obted. GIED n : r and

r  r '  p,  rh.3er un(O = tr ln 'pl  u{{4r}c{ ldh- f tn d
t fn. r ln)  rs oD€n. Th€ss op.n lots te upth€ bas€ a td

th€ toDology c| Y.

th€ tololoqlcal Bp.o Y h!3 th€ touoelns Fo!.rd€r:

(!) y !. lr ltd z!rc-d!€Etoral a&l also nd!|ar.

lb) Y I5 . Moor. rpac€ wtth ! o-l@alv courlbl€ bls bur

b{l wltb ro d-d&rorf b.!6.

(cl Y b F6-ljrdol6f .

(d) Y t! nct co!,6otlonwla. !um!!.

{.) y !! b6rlcd!!ct.

(l) Y k cdrtlbly p.tacoDp.ct.
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In th€ d5cusl6 of rhls €rample, tbo lopoloCcal rD.6 x

r.f.E d to l3 tlllt of D<abDlo 4.1.5,

(ar. PFvlrs that Y t3 !l sd tltat tlF ba.. s to( v

t. clo!€n G Ery nE ! 1116 Faovlnq th€ lnalos@s Edllt lor X . !6

dGDplo, co!.!d€r th€ ba3lc opo B€t u = Un(l) dr€rs n . I .nd

t€ F re v6rt$ that U ls clos€d. r y. J-U, th6n {y}

!.!a!at6s y floB u. !n 36!.!5ttn9 f' In !-u froD u,

thoF !F two po..*dutl6!, E frc) - t(o), tt€o Un6') n O

ls.nply sh.E s ts la.e€ €nooC! 3o th. t  f l t i l  f ln  (6,s. ,

n :n) .  o th€rwt56,  l lnco f l l l f l t ,  turd r  Lr lb

€nouc!.oort !r(dlr l lnl sr(t l t , fo; u€n uhd)n u

Io E tly th!'t Y 13 nffi.I, Lt A ard B bo dsrcht cl@€d

.!b!6t! of v. wlth@t 1o.5 of s6ne..lity re.5.uD€ th& bott A

and B !E @talEd tn  P.  lo . , l fnoL I6 t  Ar=Ant  dd

Br . a n !. E U' cnd \/ aE dtsrotnt oF€n 36ts cootrlt{ns Al

and Br, .€spec v€ly, ths the .Eon ,€ts V = U' - B U (A n I) |rld

v .y ' -AU(BnJ)  aF d lsro l t r t  and cdta l r  A lnd a,  r€s!€ct lF ly .

No'r, !o. eacn I !n A, l€t c (f) b€ tlre .ndr€3t rnt69€r

n sudr olt un{D nB k sEsy, $hlrcrly, tor €ach f ln 4
r€t c (f) b€ th€ ln.[e5t lnt€g€r n luch ti.t U!(O n A I! 6npty .

L t  n>t  b6s lsn.  L t  An- { ! ln l t .A  $d c( I ) .h }  and

En=t l ln l t :B  lnd c( t ) - t r }  .  I€ t  < ln :Pn-o be.  t l tE t lo t t

36e.tatlns \ ltm PD-AD aDd Bn IM Pn-En, td

e,G!'Dl6, r6t q b€ tho nadNm of two functrds 
\ 

lnd dBn



lu.llrted to €r$t as .Usc86.d b !'!ftntt!on 4.1,2. Pln.llyt gtEn

f ln A UE, r6t d{0 b€ th.lars€lof c(g 6trd

rHD dr (tlt) '
{ua61(glt e r}.

bt u .u{ud(o (olr. l} od v =

Th€n U lnd v .F oFn et! whlch contqln

A ud B, r6p6ctt!€ly.

cgrtatrly Do poht of A can b€ h bot! u .td v ltE€

d(t) > c(t) lor elcb t ln a u B. to 3* tlllt u .nd v !s

drs jo, t r t ,  suppo.€ th l t  (o,r l€Ud(r){OnUdF){ f )  ror  s. rn.  f  ln

A .rrl f tn B. W€ as3un6 *lthot lo$ od s€n€talty that

c( i )5c( f ' ) ,  o lc( t )=f lc{ r ) ,  a 'd  r lc(d)=f  lc( f } .  b t

n= c( f ) .  rhen o ln.  \  br t  r ln .  PD-ah.  r t r r

3! (o ln)  In l  6n( . In)  l lE {heE n.  E6x(dtr (o l r ) ,

dn(r ln) ) .  E E.d! (d lnt ,  od n-d( f ) ,  .nd.o

(o, r l l  ud{O{r) ,  odEsts€,  s= dh(r In} ,  E-d( l l ,  .Dd

so td, rl I udtd)(t). lhl6 ts lnFosatbl€, aid thel€fd€ U ad

V as <u3roltt. So Y t3 14 .

lb). AtovLg thd Y !5 ! Mod€.pac€ wtth a o-loc.lly

cdntlblo bas. 15 r,oqr .lrntl|r to prcdnq th. 8.rD. Elult fd x . qvd

t, !.t qi- tuDE)lr. p), qzn - {{y}ly. r-Uqln},
q". 4 u qi.  srnc! ib3 @u6ct!on {qnln.r) d or""

c@{! d t l. ! .bv€loprdt tor Y, Y lB r Moa! 3pac6 . Alio,

€lch qn i, r@!uy comt br. .r wltn€s.€d by q$t ; th. .lgui4t

v€fuyltrc thl. o!tdr.3 tn. oE uB.d to v.dty tb. a losqs Esultfd X.

rhus th€ b.36 a ts o-toc.lly oountablc arnce I . ! r 9n ,

UDllt X, h<*€8, y do€s not h.v€ . o-dtstolnt b.,3; tirlt



3a

1r shcnn by th. mthod l3€d to DloE ihat I ls not coll6cta6er!6

(c)' Ihe prod tl'at Y tr para-lrd€ri:tf toUos th. !rE! cd

th6 grodthlt X & !6!!|-ll!dsldl. Ist v b€ an op€n cov.rot y.

lq dch f tn r, br c(0 b€ th6 .natt6st tlt s€r n such

tr6t un6) 15 @ntltn€d rn. renbor ot !. A! b€foro, nc €adt

n: r ,  b t  \={ f ln l tG!  lnd c( I ) -  t r } i  t6 t  dn,pn-o

be ! fuFttd B.p6!ab9 An toh pn-\ aB rn xbttnluoi 4.t.2.

fa.ach J tn !, l.t d(4 be tb6 Lr9€rot c(t) dd

l6t w(t). uc6)(0 -({o,.} € f,(r l
st(ol l ) ld(41€r{r l r) ldG) to! 3ooE !ro{r)} .  l rd Lt

br={w{r) l f€p},  bz.{{y} ly€ I-Uul},  ar ldrn uy
I - tll g tlz . lottqlns ttro prc.( fq X, s @ that 6.cn W(O,

*'dch i6 dcaomtrFd by f lc(f), t3 op€n aDd thlt fo. ary t dd

f b !, w(4 .6mot l!€€t w6r) l|ntes5 c(o. c(f'). w.

34 .3 srll that tlt6 o!€n coEr b, wldd Ean6s !, !5 loc.rry

cart|bl6; fof oach f !n I, rrr€ open 4r z{f) - w(4 nrrc(o+r(f)
wltFss8 th6 local cMr.blUty of lD .t f .

ld)r tho !rcof that Y

th. lroca t'll|t X l! rbi noflst.

{ r .8 l f (o)= o} ,  w6 c} t€ck

tnatth.coU€dtd r: {ra lo
tn l, {y} m6ts E relDe

l5 lot @U.ctlo.r*t3e MblI r€s6rbl6s

Fd€ lch  c<d t ,

tjr.t th.t c.ch !c le

< ol' 13 dt.cEt€.

of c. clv6r ey f



a.t(o); th.tr f.la, whlch t3 th6 oDb 66nb€r of . t ns! by

ur(o .

to Ed{Y tha! th6 couadron r crnot b€ l.!!!!t d by drljqtnt

oD6n s6rs, !6t {v. I c < .1} b6 6n.dnttlry cotl€cud of open

lgts wlth Vo n I ! Fo lo. .vory c < 6l . W. stU ro 6.1thta

coUocaloD !r rio! D.rmle. dlrotnt. wllh V $6 oia 6!s

tvdld<ot lU{r}  d t ,  l6 t  c( l )  fo e! .h f  tn P .d

fa €!.ih n E I b. !3 ln th. !r@a od (c) . Nd Lr n : I,

Bc\ ,  M:B-Ch)n,  and gc!  b.  ! .  tnth6 F@f tat  x

!s not D6!|.! . By Ia6n. 3. 2. 9 , atd trc lrt6dlcbs moDbse

ad r of C *lot d(o)l r(o). rhd $€ p.drit {o,r} r!6s

b vo(o1 n v",0, . lh6!!fdE Y l, nol @u.ct16e1s. nanrl.

(e,r lh€ prEdthlt Y Irn t.@np!ct l! tut lkt Ul. lttllosou.

prcotl tc ,a . GIED atr oDon @E! U of y, th6 loc.Uy cornt blo

oD€D FA@trBI lr codod.d rh DrovrnE (c) $ ako polat-lldte.

MoE.rrnEl% homcr, ot! rh. tuEtror c or F d€6Fd al b th.

prcof of {c),  Ist  ul= tuc(r}( f l | r .  r} ,  u2-{(y} ly€ I-
u ur), lrd u. ul u tr2 . th6tr u t, ! Dollrr-trnn. op.!
FADb.nt lor t ; 6.ch poht tD Moa tn ruar oB mDb€r aa I

aDd .ach porn! !n I lt€3 tn.t holt teo.

Or lus! r! {€ dtdfo! X, !r,! tl@ nodr& tn ptoof $.t Y

!3 pnr..Ltr.t.I6f to Fo!€ thnt Y l. @unrably D@corlFct. crtYu !
qrntlbly tl|lhlt€ op6n c@r t, = tvr lt ! l) d Y, fd.lch r

h I , r.t c (O b€ tlD ffiarllr b!.g.r n Buch iblr U!6) rs



tr cdtlb€alh. 14 vt rnh l3!. D€an6 \

{o

.!dr w(0*

r : l ;  dC) ctd w(4 6a €ach l  tn l ;

.6ad!Ely !r tD th6 !roo[ oC (c). Orc. rFln,

ri oFn, .d o(q = cd) |l wO n€.t! wd)

Pq.{rc} n E I,

u{v € t l (v}.  D2 dd
b'. {r*o nvrlo. t .r 'a
tult ) r.An€mlrl !c. lr.

rct wf .s1ry611 . ! .nd oti) ' n)
y . vn - 

Nnvrl , lh. q.n col.r

t-n] t! a lo6lb !dt6 (ln flca rtaF

tr
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S@tlon 5. L A t€!!-Ilnd€I6f, Nd6al tr-8r.@.

In thl, 3.cttd w @truct a !!ae )( e thst d s€drd 4,1.

la th. two €sDpl€8 tn tbl. olr.!t€r, {B u.. Bbc! G .5 . cnardlc€

apa€, luat ar m u!€d a trdDll ol-caator t€a tr ch.lts 4. wnhdt

ctv onlF .xlor3 tor 361 th.ory, 8bor5 G 15 a T4 3Dao6 lrl|lct t3

not col!.cdonots llc$daff. Th€rEIor! t!. caFtnrcltoo! ln lhls

cblDl€r do not EquiE lny 8D€cLl st-tb6or6tlc .3.unFtt6!. tJd6vcr,

il]j(€ Blns'! G, bcyih €saDpb! b t!13 d'!pt6r IEE clls.ct€r z l.

5.Llt Dolntttcr c( Bbr/6 Gl3l. Lt 8: a,tel and c = a2 -

th3 ..t c6 atl tunotrds aE@ 8 rrto (0, rl . Fot.w c < ot , lo!
gd ! I - 2 b€ tho clE6ctollstlc fuEtlat lor a I th.rt ls, tq.!V

Acol ,  ga(A)= |  f  o .A.  L t  Gt - {gd la<or} .  ro

tolologlz€ G, l.t all th6 lodsts o( G-G' be tsolatld. Al!o.

q lven &y acol  {xr  € :0  of  l ,  o !€  3€t  u46. (9€c l

9(A)=.I k oFdr. rh€ rlnsLtor or G-G to96OFr wttt

!Utlr€ o!€n a€l8 UA-. Dloeid€ a Blbba36ld th. toEology oo G. fJ

!.!-4--$9!E4't3l. Bi.9i6 G l! 11 bui noi coU€crl@-

.!b!€t ot the .U.orEt€ s€t G' clnb€

tr
5, L 3! Notatlodal D.AdUd|. qtv6o dry n . l, l€t I

= FlPn, , .nd l6t tn b th€ set cf au lnn€ sublets of rgn
Iat l, s, cnd r b€aslD Chlptcr 4. LIlo r6t [p:PL [p!

Ip!( l  b6 a. bchapr. f  4,  wlFE p€<ocr.  t l

d.€ Alurddlf: lto |lteqDtlble

r.p!u!t d !'y dsroint oP€n .3!6.

af

sl,
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f i - ! l |LE9g4dg. P6..d n>1, l€t  I t r"  t (d,r ,r l€

P;x lnl G) o(0) I r{0), and (r) o aDd r lrtsrr.6}; r6t

r l= U L.  NN l6t  t .  r ,+ aad x.nurUr.

IiI4 m topoloslre x. Ih€ 90tnt5 0f I 6t€ lrolated. lor

cach nEl,  h ln t l ,  l td t  h rn, bt  Vn{! , t )=lhlnrEl

ut(o, ' , r1.{ l  ( ! )  d ln-hln,  a ld {u) dJs.ry r . tnat

ta  3on.  tsn,  l€r  l f r  h l i .E) ,  th6! .  ! . t ! . r !  op€! .

aldlarry, ld.a.h nEt, l< rn K, a|ld t ln ln, r.t

un(]qt)= [klnrxl utro, ' ,.r.{ l  c') ' ln.r. ln, l td

r lv6n !ry EGlnat fo.  sotrr€ I tn,  E.r  t f i  k l r .E)t

tlFs sota too aE op€tr. Ih€ slngbttu 6 t tog6rhlr wtth th€r€

oFn.sts rEt up th€ b.3€ 6 16 x. It n r n, rcrl6 thlt th6

tnr6B.ctr6 of tlb b.slc oD.n..t! Vn(x,t) .nd Ub(x,t') rs

vr(i9 t ut ), anl un(rgt) cditaln5 u!r(x,tr ) rJ t ctr .

Ah€ toDoloslc.l rDaca X h.. t!6 loI@tns rtroFrtLoa:

(.) X t lt adt 4rc-dr!6nrtdll ed

and fi,rth€mc€ corpLtoly r6gura!.

{b) X h6s ch.nct.! z*1, tlnrdo!

8pa€ an<l d€s lot hav. a o-dr6totnt o. a

(c) x r! Fn-rlndelr6.

{d)  x l .nrDrnal .

(o) x t. mtlconFct .

(f) X ls cdrdluy DaracooDact.

tn.l€no€ ar.o r€9u16.

o-locally coudable
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. 
ln tb€ dl.cuseicl of thrd 6xlrnpl, X (a) wttl E!.r to t!! ,D.co

X of A(.nDr.,r.L5. Ae rn th. (u8ou3aldr ot X(4), tno con€.Dord-

llrg v€r|Ilc&rtu i'Mlvlng Doln& df E atd oC E, E8!.cttwly, wut

o&sn b€ rt!r6l3nt6d by lur! olF of !h.b .

l.)! x t3 lr 6*lctly.5 X(a) t.; jut FDb€.!v blaic

o!€n 5.t uD0() tD x(4) byth€ b$roo!€n 54 un(:gt) rn x.

lo 36 that X l! r€rccusetrston l , w6 6dJy tlnt .iy b..tc o!€n

3€t u : un(h, t), wh.tE h. E and th I t) . t, ts clos6.l.

ll|. lolnt. df I-g !n<t of tt-U c.n b6 ..p.!&6d fron lt ,u6t

.r h X(4) - uslng Ur(hr,t) rBtoad od ub{hr) for hr tn

II-U. In r€Fr4lDs L tn K fto6 U, th.!€ a!! too

p@rrhLtlttr... IJ t(o) - h{o), th.n vt(k,t} nu l! dury
- qarn corFsFondbs to Ih. 8rluluon tn x(a). o$€Mr!6,8t!e

r l l lh l l ,  ut{k, thl t } l  nu rr .brry.  8r€roro!€ u !s

c!o56d. Lt o @n€&t oa all 6hsbtd|3 o! t tosorh.r wlth thd€

ll€ltb€r5 un(x, t) or a sher€ {, I r} . t. lhs 9 rs

abo ! ba3. fq X ad t. cloD€tr,

8!rc3 X t€ ll ard hGdrD6.l6!1, tt t. 13 anil tulthd-

{btr x har challd€r 2 ' .t 6!ch lornr od ll u l( 3r@

th.t!3lh6.tr. ol €.ch 8D. Nthadr X th6n6or. ra noi.ler6loF

lbL .rd do6r nol blv6 . o-aulroLtt 6 ! o-locdly coutlbL b!!€,

lt r. u6elul to rca.cr ri.t cq$t!bl6 .buctur! x h.!. F6 6rl6h

n: r, bt ql={un(h,l)lrres}, ql. {un*,/)l!.€ x},



1tL

A; = ((*)l*. t-u(qon u cl)L ",'d 0" " c0" uqr" u c?. Eo"r,
coU€cttd qen G patsis€ dsrotnr to. €-O,L d Z. A! rn

x(4), 6.ch qr & roclly c@t!br6, ae 0n+r t6.dtr.3. B!r!

ln thl. a.lliple, 
,Y , 

q, ts not ! b.!. fo! x .

(c) ! Shorhg that X ts pala.Ilrd€tttr r€@Dbto. lh@tng thlt

X(4) l! D.t!-!Ddeltif. l€t v b€ !n oFn coE of x. ?o! €!d

f h P, t6t cE) b6 th6 sri.rbit lrros€r n.ucitlatboth

untfo,t) and un(t^t,rl !t odrlin€d tn r.bb€rs or !

fq  rodF t  ln  In .  ror .ny n>1,  !6 t  ra. { t fo lc(0:n} t

for 4oh p tn \ ch€s. tp h rn loth.t bdh Utr(ao,rp,

.rd gn(al, to) r€flnB Denb6B or V !6 sos6 (€v.ry) t tn

tp:r l .  rd cdEi i€nco,  to!  each r  tn cUx,  r€r  c(x) ,

c(slol .r'd t*) . tp, wh€r. p . x I c0E, . Nso, fd 6v€ry

x rn Euf,, r6t t (x) - t (x) u tAt l t s r r c tx) ) .
rd €.ct x ln EUI(, l€t w(x) !€th6 o!.D re!

u.lx)(a|o,)r. then tr I c(h) dEr6trntn6. wO) roa h ln Et
Blmlraiv, tlcft) d.t ndtt|6s w(x) fd t rn K. No\rtt
60 - 1w1t '11 rr  e n1 ,  6l= 1w611:..  () ,  ! t rd tDz= {ts} lx€
r -U( too u rrlr) . bt l, b6 tlt6 .'!.n coe€r r0 U rol u u2,

lhe pq8iblllue6 !d tnt6rs€cud bstwoa mhb* od b sha

! DrduF !k. ilr.! t! x{4) . Eo$ u0 u U2 ana 5lg 62 a-

parsr.e dlsrolnr collodlds. N@ rqpDos6 tlat wo) D.€ts

w(k)  t r loE h€s ! f t !  k .x ,  to  $€ that  c (h)Eot l ) ,



tt5

suppo.o thlr l. 613.. wlhou! ro!. d 9€n Ellty a8.u!re tll!! co) <

c(kl, a'd r6t n . c (hl . choo.6 ( o,r, !) tn wft) n wG) .

\  rs  rnboih t 'O,  and t ' (k) .  Thu!  An.r  s!@ hl ! . \ ,

b!  \ l r  l t tE k ln l \ .  rhrs ls  dr  cqe t l rDcslbL,

.d !o cO) "  c(k) .

Nosell vsrtty that b l3 loc.[y cornt bb. laany ,. h

I, (x) n6t..t n@t nro rn.tnb6r! of l!. lq €vdy x rn BUX,

l€t 20.) b€ tn€ op€n lst w($ nUc{xt+r(x,r). lo ch6ck ult

6acb z(*) lvold8 .U bln coutrtlbly D.hy F€r|b6E .6 l| ctut&r

zO) v.iet€ h c E ad c(h) - n. z{h) rr.t! lust one rEnlbd

of rnO U UZ - tsnely, w(hl. r.causc z(h) n6n s w(h),

€6ry m6b6r or tot *. ty z{r,) uer rn u} - wrrare rol -

tw{r)lt. x !!d c(}).n} - lnd k thu6 cod!.r.!€d !n ! ||Bb.t ot

q;. Eut llrE€ z(h) lr3o E!m! Un+r(h,/), lt @6t! drly

corntlbly Dalv nEnb€ra oC gi, €acb,ot wnrc.h cdtatns at Eo6t dr

En!.r od b; . lhu z(h) m.t! <nry coultably raDy mnb.rs of

D_ ard hsnc6 ae b. so l, ts l@.tly cd!rr.bl6, .[!d th@nor€ L

ls Drrrl-!!d6lltf .

{d). lo v€rlty th.t X t3 Dd nd,n l, rE! Vr .nd V2 D€

a6t66!y o!6n r€t5 sirrch codarn ah6 dstotnt clo..d r.t! E !n.t x,

rsrD€cttEly. A.rn x(4, re *!t s6. thar vt lrd Vz ht n.ct

.!d lbue tlDt E and r @mo!b6 s.rlr€t d btd&lctst oroD s.t!.

Wlth l, ti€ o!€n co6 {vyVz,t. lst c{g for €.d t h

r, \ tor 6adt nEl, .8d tp ld 6ch p ttr solE \ b.

!3 rnths rtrd of (c). Lt A=nYr\. 8tnc6 €Ery t th



P b.s  a  F l tdct to  tn  A,  by lb l la  3 .2. [ ,  .hoo$ n: I  lnd!

eob*t B or \ 5o that I ls n-futl. N4, by LDha 3.2.12,

Andr slbs6t Br od B lothat th€ larnlrt (tp!P. Brl t..n n-tuU

a-.y!t n stth root f.nlly (tot o. prBrl. Fq €ach P !n 8i,

bt rp-!Yn(EGtpn6t lp l r€!) ,  the sst .cthos€ tr .nbsE €(

t^ @ sitch p vgt€3 y!s, D6ffs th€ trlntrtchlnCriucdcr

M: r r+ r ' ( t l )  by r . t ths M(p)-rp ntr ,  !h.  a. tof th@

solErs of t, @ stltd p vo!€s yss, f6.ac.lt P b l. Slrc6

tn E!F drly gnltely rn iy lo3slbllltlB€ tor M(p), by Lon 3.z.to,

lst C b€atr FtutI subs.l of B on wtlch M ls comt !tt, thu6

.sry P ln C wtes the ..t€ @y d th€ @nb€F .( tl . tlnlrrl,

by I€|!n.3.2.9, !!d trc trfdlactnt !r!nb.r. o anl t 6f C

wlth o(0)l r(0). Lt r-rdUrr. tn vlrfylns inat tho Dolrt

(q r , i )<vtnvz,  coNtdEr E tn td.  SuDP@c E€rr .

I tFn Eeton! . ,  !  5{b3€t  d tont . : t r .  8o E€irnt t !

lont t .  rhus E€r i f  E. ro lE o volaty€r  on l .

slbtlrly, slED E !n tr, E. r jtf E. rr ilf r vot st€e

on l .  so,  faary h !n to 's l  .nd k !n l r ! r l ,  (q , . , r )

b€ronlF to unlh,to) n un(f,tr) ard lntun to vInv2. rrr.r.non

(€): W. ,w uE. th6 Fo.d.f (c) to she that X t. mr.-

cm!!ct, asln S6cttd 4.1. GtEn any 6P€n coE t of X, tho

rocauy coubbro o!6n r€ArEn.nt l! corEuctod tD p@ltrg (c) 13

.160 pornl-adl€r Bu! nor6 dtnpry, bt tho tunctro c on r u Il uK,

€ac! \, ...i to , ed ur€ furctld t 6 Il u K b. a3 rn
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th€ Ddod cf (ct. Ih.n l6t h0- {uc6}(h, t(h))lh € u} .td

ur = {ucft}{k, t(klllk € K} . D6ans u' 6nd lr r@.rdlnslv

a. tn t!. Fo.rf thlt X(4) ts n€tlcodtEacr, and condn|t a3 ln thlt

lrodf . Notlco th.t h @r!il tut !t sU hlG il€Stl6d fut!4rdl8 c

.d t hdapddondy d! ll ard K.

{tl. w6 !160 $€ th€ plocf ol (c) to 8h@that x tE count-

lbly patacoop.ol a! !n a.ctto 4, I . Ior . cornttbly lfiadts oldr

cov€r  !={V! l l>r }  o{  x ,  id  €adr  t  rn  P ! . t  c ( I }  b€

th. sDltt€d rn!€g€r n sch dntbour un(f^o,t) and un(aLt)

ar€ contalsd ln r€ts vr w$h r < n fa 3o[r. t in lr .

Daan oadr \; €ach tor ald cOO' t(*), and w(xl lor

eldr x !n ItUK aocortunsly as htl'e Drool <tr (c). Nd codlDw

!s !r th€ pr!<tr ihlt x(at l. @ttlbly F6cobpcct. 0

tn rhr3 6:ra6plc, th€ reFb.rs d th. 3.t5 ln .G €!5€atl.t ln

s6tnn9 x lo b6 llla-tldel6fad allo cddrtably F6raconp.c!. For

€dch t . I, id6ntrJy Pr wlth th€ ..t G d chddt ddlc frrEtlom

tn Brng's e6npl€ G by. qt.-oE, @lo funo6ar r!; G p!ay! th.

..s€ rcL IEE that t, tll6 toD l€v.l of th. or-caalo. t!€€ l, Dl!y.

|nt}6 .'..npL X of Chllt€r 4,

Lt h rn B lnd n e l h€ glv€n. Aba rdr r.E!r oFn

n.dsttbdhood af b - oe wios lnt6l36cttqi wltfi E u x It

lhln ' sl lnd 'xrto.. rntd.ello wlth I t! d€t€tnlb.d byn!

lnt.E.ctl6 eith L 
- cln b6 thlluFd down !t !n ar!@lrtl6 eith

th6 o!.n n lsltorhood6 od !r(h 11) rn G tot 6.cll ! 3 n . Uc€



pGcl..ly, glvq t rn lDr

a8

ru lD@o th. t  tnsr : !  !o! . .ch

l-[. Por.lch !sn, ttr! rdh bEr o!.n Blshtallood uno,t]
or h !s .lsodlt€cl wtill th. o!€n nqrstborhood a{UE, o | ! € ll lrd

Dll l8l  nn{us,r lE€tr . lx i  hlr .E} d hfr rn G, 16
tdk€ th6 lnt€rs€ctton d .n €hpty co!.cn6 to b€ tho 6nrtr€ Epa€ G ,

SthtLrly, st6n t !n K .nd tr>t, .ny otb Lv!l otrtr

D.l9Dbdh@d of t crrn b. ttlnn€at down by an arsoclsdo w!!h ti€ op6n

n lglbdioods of !r(Ilr) h c a6 6.dr isn. Eth. tt&nDc-

ho.d ln G alBoclated wlth hlr dd tnSr t! rUsrotnt itqn

i t ra t  a5.@l ' t€d wt th  k l t .d  t 'nq fd  3o!E r3n,  t i€n

vn(h,t) and Un(h, t') 6E drsrol^t.

8!rc€ th6 rlac€ G 13 nornal, th& thhirDg ddn pro\.td.s €nolg!

l€Da|atld ro nak6 x paE-!det8f. pa, as tr chlpt* 4, !t

Drcvld63 . w!y.a c.nttollins uE "l€!€t5,r of itrer!6cdn9 op€r €ots.

On tl|e otid h!nd, c t! mr coll€cdoMlso tl.@do(ff slee rc un-

cqrtlbL 3ub5€t ad th. dscrB!€ set Gr c.h b€ sr|a!!t€d try dt.toint

oD6n 3si5. Ihd€nor€ I coll6ctld of n6nb6r. tp dt tn c.nnot

iktlnsut.h betw*n lEou|t.bly ncny n hctlotrs p rn.ny gtEn pr.

60 th. lh.lildng do!f,n d€s trot Elovtd6 6no9h s€pdaEon to 4irk6 X
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8€ctrd 5. 2. A cou6otl.trwr!. Ndffi8.1 roPoloclclr Ta-8r'.6 .

Nof lvE u.€ tD. t chnlqurs 66 tle pravld! !3ctl6 to brild !

toooloatcal aD.c€ !t! ths !pc4 Y of &ctto 4.2. On6.!aln,

tbl3 colrrttuottsr d€. not rlqurr! liy.:<E! r.t-tl!6orsttc a6.onraloE.

l"?!l.:--&rL- !q 6!ch D > r, tot tn - ({( q i}, t

wi6r€ {o,r }cPn lnd ' . rn l  { r }  d(0) l  r (o) .  .nd 0l )  o

atd .  r lndta€), r" t  I ; .#,t .  ! lo{ tst  t=t i

I'ld r€ tololold2€ Y. th€ potut8 od J .a€taor.t d. Pa

. .ch n>1,  I  ln  f ,  lnd t  lo  ln ,  r6 t  Un( l , t ) .

tr lnrEl ut({o,r},r)€ { l  (1) otn=ttn d ttD=tln,
. tE l  ( t t )  s lw!  t . tna l  fd  son tsn ,  E6!  l f f

lll. E)r th.s6 !€t€ d€ o!€n. rh3.6t d an lrngr4du oo t

tosstho! wlth ti€.. oDd st. nd.6 up th. b!s. a 16 I.

Ih6 topotod.ar aF@ Y ha8 th6 fouowbs p.o!.!tl€s r

(.) y ktr ald 4cd!n.nst6.I lrd.t8o nana!-

ib) r has crr.lact€! 2'; tler€doE Y 13 nd!! Moo!! !Fc.

.nd d@r not h.E a Gd3rodr* or3 o-roo.rt cout blf b.&,

(o) Y ts !u.-I&!d.lttf,

{d) I l. noi co!6cdo!trls ffiDd,

(e, Y k n€tlcompact.

(t) Y l! @it bly Frlcotoract.

ln t|le iu.cu&!6 <{ fi! dr.npL, th6 topoloCc.l BD.6 X
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rlf6red to wtU b€ that cd E<.nDl6 5. l. .4. Atco, I(4} wlU Elor to th€

s!.€ d b.!rnpl6 4 2. r.

(a)r Y i5 tr 6'.!ctly.. Y(4, r!. llrowhg th.t Y 13 116-

dl6sn.!6a! & v€ay stnu.r lo slrowlnt ih6 5an€ r€rult ta X. CorEld€r

u=un{ l , t )  wh6r€ nrr ,  f€  E,  t€r t r ,  .nd t r l r }€ t :  s€ !€dt

tlrlt U l, clos€d. Gtt/€n y !n t-U, {y} Bapuat€s y f.or g csin

Y(4). tn 3€F6tllry f' ln t-U Aon U, th€E.E trc Dos.rblutr.!.

n t'(ol = (o), soD6t!r. tr rlm u as h Y(.) - Ernr uD(d,t)

r8r€.d of un(i). oth€rwrs€r srn€ dlr l f l l ,  ut(f,tr l t)) n u
16 €4ny. I€t B_ con€lst cfau stngl6torE on t tog€rhsr rdtn &o3€

mnheB vtr( t , t ) . (s  wt tsF { t lD.  t .  then st  ! .  !  crop6nb.s€

Io .@ tlrat Y ra Mnal l6t A .rd B bo dtsjolm cl@.d s{b*ts

of Y. Ar tn the.nalosou Boof of Y{a), w.ssurc *tthout lols d

s6not€lty thlt both A and B !r€ cq|taih€d b l. lor 6aci f rn A.

r4 c(0 b€ tb€ reauost lnt sd n luclr th.t Un(f,t) avolds B fo!

sorF t b rn, !!d r6t t(q b6 such a t. StnUady, td.aob f !n

B, r6t cl4 b€ th€ BnaU€st tnt€g€r n such tlat Un(tt) avotds A,

lnd A ior.ons t !n rtf .!d Lt t (f) b€ such a t. for oacb n. l,

r6 t \={ f l4r .Al rdc( f )=n}  ed Bn={f ln l f .8  ad c(o= n} .

16 €.ch f  tn AUE wl th c( f )  = n,  ret  t ' (4: t (4u{\ l ls l in}  U
(Bt l rsr in) .  N* ret  u-U(uc6)( l , t ' ( f ) ) l rGA) 6nd v.

u{u",utr,t'tol1r.a}. ol6.rty u lnd v aF or€n.€rs whtc}t
colt{n A and B, r€lD€ctlvoly.



c.ttljruy no Dcdnt of ! clD b. rn u nv. 1o... tnat u

ad V . t !  d l lotn l ,  €ulDos tn l t  y :  { (o, t } , r )€ l rnV. rh6t l

y. uc6l(4 tr6)) n ucd)(t', tr(f)) tc. sorl€ f tn a dd d tn

8. wlthod loas of g.Dtlttty !s3un6 inat olc6):tlo(t),

r lo( t ' )=f  lc(d) ,  lnd c( f ) -c(d) .  L t  n-cC).  lh€n

\ b.toDss to ho$ t'(f) .rd t'(t') . 8o \. ! s1'c6

f ln .An,  b ln \ l t  sbc€ f  ln l \ .  snc.  th l !  tB

rl|9oBslblg, U lnd v .t€dllolnt. t}@totE t & !a.

{b}. I has chatactor 2 ' at 6ach podDt od I . Atndqb

Y tb.E6o€ r. not d.vllopablo !trd do€a not haE a o-aUrroft a a

d-leaUy oorln!|r,b b.s6, s€ c.n |gtbct the c4nllblo stnrctuE ul6t Y

d6€'hAE. Gtv€n dv n=1, !6t  q;= tu"( t , t ) l lc  r l ,  C;=

{ tv} lv€ I -Uq;} ,  .3d Cn"0;uC;.  oM!sr l ' '  e lch

qn l. ro.auy coqtlbl€, .r gn+t t€.tltte8. tlost6r, !. td

X, U- 0- rs !c,t a b.s€ tor Y .

(c) ! lte tw bodlty d!6 p!o<d that X & pda-Iltid€Lt to DrcG

rhlt Y t5 p.r.-lld.l6f, a€ h qbatt44. Gt n.n oP.n co6 v

oC Y, t6 €adt f tn t l€t c(4 b€ tlts Etilu.tt rDtegq n such

that Utr(4t, l. cqt lFd tn. reo!€r oe ! ld.fr t i! ln.

ono€ ! r . i ! r ,  ior .ny n>r ,  b t  \=( t ln l r . r  .nd cO'n) ;

to. €lch p to \ choo€6 tp an Tn 3o th.t un(r,tp)

rsftbs . r!.!D€r of t fd.ny I ln [P ! !l . Pc coFdoe,

tq €aoh f  tn t ,  IBt  t ( t ) . rp th€re p- l lc(4;  rd

t ' (0 = t(4 u {A! l  ! -r .  c(q}.
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N@, for €.dr f tn lt Lt w(f, b6 thG op€n ret

Uc6)(r, t'(t)), valch r! d€tsDh.d b'y flc(t). D€68 bI,b2,

.d tn€ oDdr l€EFn€nt b fo. v as tr rh6 &atoscr. Dtood 5oa I(4).

ls lntho lroor !o. x, w(f, and wd) ao dtsJotnt !r .Gll c(d)
{|r6rE f and t .r!ln P. A5 a 6strlt, D !s l@llty @(et-

!b16, !o!.ach f tr F, tlE oFn.e! Z(0 " wO n Ucttrr_r tt, /)
wtttrd.€a th6 loc.! cNt.br&y of l! at f .

(d) - 6)r rh. lDd $!t x $ aot EElt can b€ nodtg€d ro

Ero!€ tha! I 13 not @ltr ctroMr!6 mrtrEl, Just ar rn oDlDter a , thts

!! l€ft lo th€ r€.der. &bu.rry, th6 prcols 3howttrs that X rs !r€ta-

codFct ard qrntlbly E!6co.!.ct c!. b€ no.u!.d to prov€ th€ 5am

r€rllt, tor t, J$t !! tn CDalts. a. D



g@tlon 5.!. Prop€nbs fornd tD 13, laF-Urrt€161, liloparaoodrp.ci

apa63.

Ey €*aBldnt th. €x!aD!.. €t lh€ pr€vrdE two ch.Ber. lnd trrBllro

!oo. 3lmEr. Dodlqc.tto5, G caD tnE3tls!t!6 which toFologtcgl Dr<'D€r-

|l€. cln go.ldlg wnh b6ins 13 ed par!-tlJd6l6f bot not para@n!.d-

rh€s fou! na|! saDpl€B lclU lF r€fere<l to, rn odq, as X(4), Y(4),

X(5), .nd Y(5) . llrll€! n a.tldal &t'trft168 .dtl hold, reFt

shoE tlFy !E !p6cE!c.lv @rrur€d.

. x(a) and Y(a), ilr6 €l<.npr€r u8bc a iomll @t-Ca or 86.,

da!€nd otr the er<l3to6 .f such r E€6, lor .xarpl6, th6y can b€ c6-

slnrct d lrd€r MA{ot) b$t ca!@t utdd Ctl . E46@, rn dElr

l.6, in63o .p!c.r .re Arsi cornt bl€. h fact, €ach of thotr l!

d@.lopobl€.nd ha8 a o-Ioc.Ur coutltrle b.s.; or y X(4) h.s.

o.dtrrotntbas. oi th. oth€rh..!41,. xl5) .od t{5), th. ercnpL3

lstnt BrJA's G, ar€ nG.tt'dropl6.. But tlFs€ 6D6@6 lltl to b€

t rst coqt bl4 I! tict, th€y both hlE chaEct6r 2-l . Th. trc

nq|Ddft.! BDaceE, X(41 6!d x{t), .t€ 8cr€€n!bl€, for..d, th6

lolnt-tldt6 o!€n r.tnemont corutn5t€d tn sh@tng nrEconDactn6ss ls

.bo o-diltoltrt (!nAdth6 untd dtrc p.tr*t.€ .t.Jotd! collocuons).

!h6 two nqn l Bpao., Y(4) .trd Y{51! ac not sct€€nlbl€r lc

€ach, th6 o!€n covot ur6d tn shoflDs tlEt th6 3p.c6 !. no! coll6cd6-

wils ndrn.l la3 no d-dbrotnt oD.n r€ttrErbot 'lf,llb .rU fq !!!a.5

aF @nD!.t€ly Fgullt, n66 ar @lLcttdwt!€ trdD.l, All !s !.ta-

cotEct .rrl c@nlrrbly p.Fconr.ct.



ln 61696!Uy srap!6 !€chdqul d€vlsod by P. B!n6 J@r ud€B

a 3pa@ wilch !s caulnr blt not n6r.I to cd.lflct a nd !pa@ w ch

l. EguLr but not cdp!€t6ly Esula!. By apllytnt tlrl. t dhnlqu. to

the .pa€3 xla) ard x5) , w€ s6t p&!-Irnd6ttE t?.3pac6. w'ddr

.I! not conpbr€v l!s!!r.

.CJA--@!gg&g (JoF' I7l I . l€t x b€. tororo4@:l

.p!6 lrhbh r3 r.9ul6r but not nq!'al. A@dhsly' let E and lC

b. dljoiat ct6€d slbetu d X stich camo! b€ B6!.Et€d by d.rohl

oD6n ssi.. I€t lf bsth€ 5€! of ndunl nuntb$s {!,2,.'.} wtth

lhs dl3(t€t€ toeolosy. Li z' b€ th€ rd€ntflc.tto sD.e XxN/-

etrar€ th€ sqd@l€@ r€latldr - o Xx lt 13 C€n rdt d by th€ sr6

(a t r ) - (x !n+I ,  u .  x .s  and D &6@rr  a  x .L .nd

n rs odd. tinarly, rd z = zt | (pl {rr.tB p I z' . rd

.ach n ln N, l6t \ = {(i.,trllx € :{}/- , wldc$ ls ho@6o-

d$rc to X . to toDoloslze Z, let V c Zt b€ op€n tn Z

t6 U ts oldt tn Zr, q €qutv6l.trUy tff V n XD |! oF€n rn \
fa €.ch n ln N. AI.o, It UcZ lrltlr p€U, r€t U b€

op6n Itf unzr & oFnand u conrlrn. 
ru \ fcr.oln€

WhlL Z 13 FguLr, t6€. sh@s th.t Z r! not corlplet€ly

!.s!r!r. !d €FE!r6, theF €o b€ @ cotlnuas tuoctlo

Irz- [0,r] whj.h ts o dt p .td I .r.very pornt.fth.

clos€d l€t q . fHs c@tsctl6 lEsefts nany topololdcll

Dtop€!t!o3! lrcldtrg lr-rr!3 6Dd !.!a-!nd€rffn4s. tr

5.L2 .  EmnDl6  lMAlo , l l . I€t X b€ Xt) , .trd $€



x h constnrcttoo 5,1.I. Ih.n Z ls. lcta-lind,alof Mod€ rDace

sitah ls nd oonpl€t ly rE$rLt. Uke X,z ha! a o-d6rotlt,

6-loc.[y @utdn ba!€ snd !. n€i.6n!!ct.nd coutlblt p!la@nD.d. O

-0cf-!.i-93!Sb., r.t x b€ x(5), atrd bdrd z bv

lpplylnq comtr@tld 6.1.1 to x. ltren z l! 13 and D!r!- 
or

llnd€lof but trot conprst€ly Equla!. IJ(. )4, Z ha6 cllatacle! 2'

lrd r! @t!cosD.c!.nd c@!t bly Fr&dpact. o

W€ cd also g.t t3, p!6-tbd.lbf 3p46. whlch @ o.'t

mtrconlFo! tly nodltytng, to tutq I(4) lDd t(5}. w€ Fpl,!c.3€t3

.tr trc lrd6rtscht trlncttoE by sts of o-n ny lrn6dactnt furctl{5.

6.L4:  E . .sole aMAlo.)) .  For €ach D. l ,  le !  t - -

t tor l l€.) clnl {r) or(0)l  dJlo) dten r lr ,  (ut rho

luncdon. or .E Dutu.Ily ffi.d.clns, aDd (lI1) tl'6 3€qEnc€.

5n{c ! l i i ) ln  Io r  l rn rn  lE th€ 6an fd  €€rv  r .  o } ;

16r  t ' .  LJ  I  NdLt  IE I I  . rd  Y- !UI .'n  bEr  -E

Ndre bgolodr€ Y. Ii€ polllt of t aF tEoltd. Pd

€ach n > I attd f rn !, tlt€ s€t Un{o = ltln: ll U

{{cr l ! (  o}.  t i lsr l"=f l"  to! son€ r€o} t3 op€n. rho

st|rCLtds d I toteu€r d& at s oF€n.3t6 lroerdo . blBe lor

rh. .E!€ Y h!s.U lho Fo!6rtL3 n€uild€d nor I(4) €xc.pl

fc @tlconDlctrE88 . Irrcvlnq that Y i3 nol n ilcorup.ci !l 1E v

slnlLlto Fovtrq tb.t Y(4) ts n.r coll6ctldtilr136 nann l. l|€(E,

.96tn, vD nodify tho lusured gbowlng th.t X(4) !! not DotDEl. lor
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€.ch d<oI '  lo t  Fd:{ i .8 l f (o)= a}  ! ! ld  l6 t  ud bsan

op.r 36t slth oo n F = lo . I clalF tlDt th. oD€n coE! lr :

{u" I c < ,1 u {D h.s m pord-EDno o!6n !€trr€n6!!t. To 366

tD&, l€t 1r b€ .n .!btb.ry oDs Enn€|IBrt fd !. r{tth E!p.d to
th. o!€rco'rs v, d.8n6 c(0 tor 6adr f rn !,\ td dch

n >1, ed A 63 !.t1. prcof thar X(a) r. not noaDd. Ar.o ret

n:1,  8c\ ,  Mr! -  ( t rz tn,  lnd CcB b€. .  r t r  that  Foor .
Now, by Lmna !.2.9, ch@5. nutuauy lrror!.dng nqlb€!. o! C, ct

f6.wry t. d, tro two od whtc.b al[F at o. I€t y bo Uro

eolr t  to i l l€  o) .  l lbn td €.ch t .  o,  sr(nv)  IEt .

!o.{O). Bat..ch rn€rnb€rd V n€€ts ar nostoE !a. glnc6

y thus U.5 ln inadt€ly hany nerd€rs of ! , V ts not Dotnt-ItDttg .

ther.foE Y ls tr.'t reta@nD.ct. O

.{:L-al-_E@E. Fd 6.ch n> r, rcr tr. (r(6rlr. oL
wh€r tol l r .  olcPn and r€rnlG)dr(o) l  dlo) ' , rrsn

,, and (lr, the turlcttor!8 6r d! nuruuy itrt€dlctng );

tJ;r="1". Now r6t l={ ana v"rul.

N4re topoloslr€ y. th6 Dotnts.d J !E tsr4€d. ld

€ach n > l, f iD f, .nd | !! ttr, th€ .et Un(t,t) =

[r ln:r l  u((drlr€.],r). I ; l  ( t ]  orlo=rln ror sore
l .  o ,  and {U) s !v6n any !€tngl  for .6.  r r t r ,

6€r 16 f l r€E) !5 oe6n, lhe sths! . tds on J togethor

sfth tbe€ op€n $ts prsvtd6 . b.rs t6 tne toDology ar t.

rh. st c6 Y ha. aU ad tIE prcp€rttes n6tr6.d lor y{5}

6&4t lor E€racdpacbe8s . thdlrg rhat y l3 not s€t.@nD.ca

r )
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t3 ellol€os to rhtrtng tb6 3.n rc3ult in E:6nEL 6.La. I !ro<(,

llt. th. riod showlry thlt I(5) l. lot oouodonwk€ ttrD!!, t3

bas€il oothe .rqurDt showbs O|!t x(5) ts noa norti r. E

By tatlnq dstol!! unld|! ol 3oa€ .a th. p.l.-!rd6lal lr-.Due!

.rr$dy d8@Bi€d, re can c.t 'r4 a!e. stdch @rbtm th.it n girdv!

F(D.rtlo8. We h6v€ c63t!u.1t€d r.llJlinderexf l3-3p6c.3 wtlob !t!

E6p6cttEry lot cdpl€toly Fsulat, c@Dlotoly Fsubr bur not n6to L

cnal ndDal ldt not col!6ctlqM!56 nq8al, .Dd w€ hc€ D@ €&dn!t6d

oe&rcooDacho3r aon th. nc.Eal 30.43 . ry t4lns . dl.rotn! unlo

rftli d€ od dr€r€ rrodltted spacer, re can €llDttrt€ @ta@!.otn 13

toE .ny cf th€ nq[dDa! Bpa€B !6 w.!1, ln dolng tlt16, lrq€v€r, re

also .UElDat€ lcE Ebtllty; r.n t ct, n a 8p!c€ !6 3c!€onabl6 .Dd cornt-

lbry Etaconpact, ther !t & Bt!@Dpoct. 8lrdtbdyr wtth. dlsrotnt

uldon, {. c.h suld.|tat6 tusl @n.btltty ft6 .ny od th6 ndnGhd

E wo aE {ilttng to grvE up d4elopabtlty, rccan (ud€r

ItA(otl) ouDrnlto o-lo(!uy c4tflblo ba3€s rhlt€ tEtajnhg Arst

@!nt liUty. Ey a ft€d€lr .d v. r.dadrk I tol , ev€ry !.tacoc!!ct

Iz-spae wnh . d-tE6Uy co6t bl€ bas6 ts h6tirz!bt6. go llty D!E-

conDlct, noo€tjabr€ T2-5pac6' fd d!n!r€ th6 8or!€DfEy rb6 !,

ls 13 lnd par!-ud6ltr h4 !!5 no o"l@!uy.our4au€ t!& (and

h6rco rc doEl@d.nt, .. Ev€ty D.6-IlrNd€l6f MoorB sp!6 ha. !

o"b..uy courbb!. b!3.). Taktat th. drsrotDt unr6 ot dtn r l(a)

d Y{a) (qd€r rrA(q D drh E stU L6v€. lrat ctullrb!.,

p.r!-Llnd6ltr, non!.6cmFct I3-sEa€ lritch has no o-rocttt

coultrbl€ ba36 and l. not . MoorB ,!ac..
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8y a th€6€'tn ol l. U!d!e! [8] , a contlnl@., cloagd trnrs€ .€

a Fl{rconDact [2-!prc6l. tts.ll Eruacom!.c!. Ed,€v€!, ln t]F lqr

€x.bEl€ ws !€. tlrlt . Mod! €D!€ rltloh tl a cdtdrucr., clo!6d !1!!98

oC ! F6!!-!ddff rrod€ sprc. n€6d not b€ ptr!-Ilndolttl.

.6I!i___@. Lt_ :l b6 x(51 . Udnc t}!6 not tr6

dElooDla 5.1.4, d6IlD e 6qutval6Dc. rlLtld! - or !l.s

nouds.  D€qF -  q t  by lc t t ths {o,r , r ) -  to ' , r ' , r ' t  r I t

6 .o ' ,a- i ,  a .d !nq=inEr.  b. !od -  to ln

.qulhteno€ rslattdl dt X by lotttns r - a fa *€ lI U X .

thon ths laotsctlon ndD prX-)V- ts ! cordruou!, clod€al D.D.

Atnolsh tbe !n 96 )V- r! a Md6.paca, lit6th6 sDa6 tn lll,
It ls iot !a!a-llni!.!61. tr
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g.r[on 6. 2 . Op.n QEttla|l .

Bol4 .n .66 lntet€.t nq olon qu€tu.m dadlDs wlth 9.r!.

!!rd.ldf, noop.rlcomFcl l3-!Fe..

l. wtlbou! .lrutns lny cxttq 3si-tr6@t1c 6xld3, can ono osrt!!c!

such a 3D!c6 {hlch r! gi.t cdrnt bl€ ? t]

2. Is rh.F .!y .udr ,p.e wlrtclr t. not coutlbly e.r.cooD!d? O

3. l. lh.E ohy.udr 6D!€ wl ch 13 co!|edqwt3€ trdiial? (DrlF

P&€ P.r6n, [9] ha! 5h4n that 68ry Dlra-tltd6ldf, nodontcdlty

nai6l 3!ac€ t! p.r!.dpact. 8h6 .bo 8hd€d that .Ery nqrotontc.lly

na!,.I .Drc6 wlth a o-leluy cout bl6 bll€ 13 r@trrzabL, .a dt{.!on

o{ r€doEk'. thed€n. } El

a. I. th6r9.ny ruch ,p!c€ ehldr t! noE|ll r3 v6u !. .crs.mbL ?

Is tb6r!.ny luch !p!c6 wDlch ls ndltar.nd ha! ! d-dtdo{nt b!!.? E
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c.c!c.r A lopolocdrEl .rrc€ ha! th6 g9g (co|tabre glgq

codlrron) U thes r. no collocttd of lncoJrrabty nlny rnuludty drsjotnt

op€D 8ub3.t. of tn. spa€ .

@ll6ctl<rflt.€ E.uldcff: A t,-sD6@ X t. co!!6cttormt5€

Itsglgglq tr d'€mw! {xdla. a} 13 a d3€fst€ col!6ct16 of Flnlo

of x, thd€ tB a nut@uy dlsjotDt cou€citm {Udla . A} .d op€n

8lbsets of X wlth *a . Ud fd evsy a € A .

@lloctlomls6 nomalt A tololostc.l sDa€ X rs coU.cdon-

!i4 nalEl ll wh€mv.r {rc lc . A} rs . drs6€t€ coll€cdon of

clos€.i .ubl€t3 dl X, the€ t. a hulualty dllrotnr collacEot

(ua lc € A) ot o!€h dbs€t6 of x wnh Ed c l'd fo. €Ery d . A .

cosiably p.Econpact ! a iolorogtcir sea€ rs ggl4g!u,JEg-

g94P:g! lJ €v6y cou$.bl€ op€n cocr ol th€ sp.c6 has 6 !@!rly l! te

do6rop.br6: A ropolosrdl spa€ t! !!g9lg!g!ts |J tr ha. a

d.Elopn6nt: A d.v€lopn€nt ld a topologrc.l .pa@ X ts a

corr.dbn {gnln. @} otopen coveN of X sucb tb.t ar e.dh
polnt  x .x ,  th6 @u6cuq {st (x ,qJ ln€o}  !sab. .€fo.

th€ topology d X at x.

dtscreter A coU€cttd t of .ub.€ts of a topologtdt .pae X

ls (usdbt. rf €v€ry polnt of x h!3 a Elghbdho.d !Ni!c! B.e!5 .t mo!!



ofD t!.nbd of r, a colLdror d lctnt. df x 1! g!!!!g!gn th€

$.@t!r.d colloctlcr o( alnsloton€ t€ dt!@t .

leally co6t!bl6: A coLctid lr ol3!b3€t3 d ! toDolo-

sr.!I sDlce r! !9991llg!!!l- n .r6ry F!r't <f th€ 3!!@ hl3 a nehhbo.-

h@d whch n6t3 only c@ttbly Dany r€nb€r. od lr.

locdly gnlt6: A collEcdon lr of 3!b3€t. da toDolodcal

!!a€ r! !99g!!r&!gg tr ev€ry rornt d th6 5!ac€ h.3 . nBtlhbdhood

wlrrch G6tr oly flrn.ly bary DDb€B qf u.

mbc4pact : A toDolostcal spac€ !6 ggEggllgl ,J e!€ry oFn

cov€. ol t!€ 3prc. hll . lold-qdte oFn rsnr!6n€nt .

!6l!-Itnd.ltr ! A torologtcll apo€

oD6n c46r of tho 3pa4 h63 a potnt-@rnt bl6

!3 @t!.l,lnd€ld'f lf .vqy

no@tonlcaUv norbrlr A 1,-sDae X t. Donolo.rleuv

aorIar lJ th6re !s. tulctlor B (tnoen .3. Datotoos ndldrty

op€r.ror) whlc! a$rqn€ to €lci ader€d Ddr (x,ul wh8r€ x€ x

.id U k.ur op.n trelshbdnood od x h X, e oleo 3st E(r, U)

luch that fa.]'.mnt. x lnd I.a x .nd op6n st3 u .nd v tn x:

( t )  ! t  x€ U, th€n x.  H(x,u) ,

Cul l t  r .  UcV,  tD€n E(x,U)c l l {x ,V) ;  gnd

(tr ! )  l l  x ly ,  th€n E{x,x-{y})  nH{y,x-{x})  = r .

Md€.F6' A t3-!F€ 13 a !!9919 !t:9 rl n l. d6Elop!b16.

DaFc.rltrot. A topoloelcal 3p!€ !r tgISg@! jt 4dy o!.n

cowr of the !pac. hlr a locdlly fhtt€ op6n FarEmrt ,
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DaE-LInd€l&t A toporoq&at spac€ !EIgI!:!gE;4! It sv€ly

open coEr of tho 5pac6 ha8 . ldUy cout.bl6 o!€n r€En€red .

pojnt-coutable : A colloctrd tr of s!b5€t3 of ! topotostctl

.D.a€ r3 EEL€gtshb rl ely polnt or th€ .p.€ b€ldss to only

cdntlbly rEny ld€tr|b€r ol tr,

po&rt-fthlte. A coll€cnd lr of sub36r! od a tololoslel

6Ia€ 13 !gEg:Eg& n €6ry pdlot ad the spac6 b.long5 to otrIy ftnltoly

B.ny E4b€B of tr .

d-d8to!rt! A @lt6.t1on of 5ub3€ts of a toFlogrcll rD.c€ tg

gl!!glg!! It tt 13 th6 unrd| oa @uot bly nany @llgcuons, €ach or wldd

ts Dutu.lly dt.rcht .

@IocaUy co!n6b16: A cou6dr6 od rlb.ts ot ! topobsrcal

3F.6 r. 9:1999!19@!!9 f tt rs $. unron of count.bly n ny loc6l}y

.outlbr€ corbcttonr.

s-locally 6dt€ r A coI€cuc!| ct 5qbst! of . toloroqtc.l

.!.c€ ls g:@!!I Anns rt It !s tie unlon of courtlbly in.w locdlty

6-D.tacqnDact: a lopoloqlcdl !p!c6 t6 .LrgEggggls. n

€v€ry oF€n coFr ol th6 spa@ ha8 6 o-l@ally flnlte oD€n Ein€n€ir .

o-r.n-!nd€!6f: i toDologlcal .pae !s o-plE-ltrdotbf

f 6w.y op€n coGr ot ths !!.€ has a d-1@Uy coulrlbt€

3co€Ebl6r A topolosl.al 6!ae I. EcEenab!.
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coE dtlE .pao bE a o-d.lodn! oF€n r€AFm .

.l!n qiv.h. couEcltfi ll of BubBoB cf a toFk)grcll spa@

:( .ld. poht x.X, th.lEE.d x rn !, d€ld€d by !r(x, tr),

bth. ultorofrU ol tho36 mh!.rs d U toe ch * b€l6ss.

3t !-couni.bl€ ! a cotlBcuon tr ot rubs€t8 o6 . topolocclr

3!6c. le .:@e!!g it 6ach n€!'bq oe u h!. nmhpty rdreE@tro

elth <nly coutlbly Dey nonbals od U,

.t!!-!nlt6: A @lLctld ! of.ubs€ts of a topolodcar Elltoo

r3 geg!4!g rf .!dr lrsr||!€r ol u ha. a@npty tntsrr€cuon wtth ot

llntt€ly D.u!y a€hbd. ol rr.

atMgly c6r|erldds lt tllddtf ! A T!-rDa6 x t! 4948

r9l&E@!rglEr3!gE u *h@w txolc.al 15 ! dlclsr€
cluocllon d rolt's of X, tn6rE 13 a dl3crsto colr.cd6 (Udla€A)

d oran Bu!6.t! of X wtth xa € Uc f6 €v€ry d . A .
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